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Abstract. The unital endomorphisms of B(Tl) of (Powers) index n are classified by 
certain U (n)-orbits in the set of non-degenerate representations of the Cuntz algebra 
On on Ti. Using this, the corresponding conjugacy classes are identified, and a set 
of labels is given. This set of labels is P/ ~ where P is a set of pure states on the 
UHF- algebra Mn°o , and ~ is a non-smooth equivalence on P. Several subsets of P, 
' giving concrete examples of non-conjugate shifts, are worked out in detail, including 

, sets of product states, and a set of nearest neighbor states. 
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^ ■ 0. Introduction 

^ . Recently the study of endomorphisms of von Neumann algebras has received 

Tj- I increased attention, both in connection with the Jones index for subfactors and its 
applications [Jon], and also in connection with duality for compact groups [Wor] 
and super-selection sectors in algebraic quantum field theory. Two other articles 
(by W. Arveson and by R. Powers) in these proceedings deal with semigroups 
O '. of endomorphisms of the type loo- factor. Here we restrict to the case of single 
endomorphisms of B{7i). Potentially it is expected that the theory for i3(7Y) may 
possibly be extended or modified to apply also to other factors, but so far only a few 
relatively isolated results (although still some very important ones) are known for 
^ . endomorphisms of factors other than B{T-C). We report here on recent and new de- 
velopments in the study of End(;B(7i)). The methods used draw among other things 
on seminal ideas of von Neumann, and also on ideas of Powers from his pioneering 
work on the states on the CAR (canonical anticommutation relation) -algebra, and, 
more generally, states on the UHF (uniformly hyperfinite) C*- algebras. 

The work on End(M) for the case when M is a von Neumann factor of type Hi 
(especially the hyperfinite case) is ongoing. It will not be treated here, but we refer 
to [Pow2], [Po-Pr], [EW], [Cho], and [ENWY]. 



a 



1. Main Results 

Let B(TC) be the C*-algebra of bounded linear operators on the separable, infinite 
dimensional Hilbert space H. If a : B{H) — B{T-C) is a unital endomorphism, we 
say that a is ergodic if {X G B{Ti.) \ a{X) = X} = CI, and that a is a shift if 
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n^=i a'^iBin)) = CI. The (Powers) index n e {1, 2, . . . , 00} of a is defined as 
the n such that a{B{H)y fl B{H) is isomorphic to the factor of type I^, [Pow2]. 
Thus 71 = 1 if and only if a is an automorphism. Let Endn{B{T-C)) (respectively 
Erg„(i3(7i)), Shifty (;B(7i))) denote the set of unital endomorphisms (respectively 
ergodic unital endomorphisms, shifts) of B{7i) of index n. We say that two elements 
a,P E End(i3(7Y)) are conjugate if there is an automorphism 7 e A'u.t{B{H)) = 
Endi(B(7Y)) such that a = 7 o /? o 7"^, and a, (3 are approximately conjugate if for 
all e > there is a 7 e Aut(B(?i)) such that \\a — ^ o (3 o 7~^|| < e. It is easy to 
see that any two approximately conjugate endomorphisms a, (3 must have the same 
index n. 

In [Pow2, Theorem 2.3] it was proved that if a, /? are shifts of index n > 2 each 
allowing a pure, normal invariant state on B{7i), then a and P are conjugate. The 
problem of whether there exist shifts without invariant vector states was left open 
in [Pow2] , but we will both construct explicit classes of examples of shifts of order n 
without invariant vector- states in Sections 5-8, and prove a classification theorem. 

Our construction of these special shift- conjugacy classes, and our analysis of their 
ergodic theoretic, and clustering type properties, are based on fundamental ideas of 
von Neumann, especially his 1938 Compositio-paper [vNeu], and their extension by 
Guichardet [Gui] (notably [Gui3]). The imprint on our paper from von Neumann's 
legacy is most visible in our construction of explicit examples in Sections 6, 7, and 
8 below. 

In the study of Eiid{B{H)) we will make extensive use of ideas developed by von 
Neumann and other pioneers in operator algebras and in quantum theory, [vNeu], 
[Segl-2], [Powl], [ArWoo] (see also the beginning of Remarks 8.2). 

Theorem 1.1. (see [Lacl, Theorem 4.5]) Assume n E {2,3,4,... ,00}. Then 
the set of conjugacy classes in Shifty (B(7Y)) can be equipped with a natural Borel 

structure which is not countahly separated. The same applies to End^(i3(7Y)) and 
Erg^(;B(7i)). In particular there exist elements in Shiftn('B(7i)) which do not allow 
invariant vector states. 

This theorem will be proved in Section 5 (the Borel structure portion is new). In 
Section 5 we will give a complete labeling of the conjugacy classes in Shifty (i3(7i)) 
by P/ ~, where P is a subset of the pure state space of the UHF algebra M^do, 
and ~ is a certain equivalence relation on P. In Sections 5, 6, 7, and 8 we will look 
at some special elements in P/ ~. On the way to the proof, we will gain further 
insight into the shifts allowing invariant vector states. 

In [Lacl], M. Laca continues the program initiated by Powers of analyzing the 
conjugacy classes of discrete shifts on B{Ti.). The central theme of his approach, 
as it is here, is to exploit the correspondence between endomorphisms and rep- 
resentations of the Cuntz algebras which implement the endomorphisms. In his 
paper Laca succeeds in establishing the existence of uncountably many conjugacy 
classes of shifts of each index [Lacl, Remark 4.6.2]. He also obtains [Lacl, Theorem 
4.5] a characterization of the conjugacy classes of shifts which identifies them with 
an equivalence class structure of a certain family of pure states on the subalgebra 
UHF„ of the Cuntz algebra On- This result appears in a slightly different guise 
as our Theorem 1.1, which is included for the purposes of exposition. In [Pow2, 
Theorem 2.4] it was proved that any two shifts of B{7i) with the same index are 
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Theorem 1.2. (see [Pow2] and [Lacl, Proposition 2.3]) Let a, (3 be two endomor- 
phisms of B{H) of the same index n e {1,2,... ,oo}. Then there is a unitary 
U e B{n) such that 

a{X) = UP{X)U* 

for allX e B{n). 

Defining 7(X) = UXU*, this relation can also be expressed as 

a{X) - UP{U*UXU*U)U* 
= -f/3-f-\UXU*) 

which is the form of outer conjugacy considered in [Pow2]. We will see that one 
cannot in general find a unitary U such that a{X) = f3{UXU*). This is proved 
in Section 3. Finally, using Voiculescu's non- commutative Weyl-von Neumann 
theorem [Voil, Wor], we can establish 

Theorem 1.3. Let a, 13 he two endomorphisms of B{l-i) of the same index n, 2 < 
n < oo. Then a and (3 are approximately conjugate; i.e., there is a sequence 
7fc e Aut(i3(7Y)) such that 

||« - 7fe o /5o 7fc ^11 0- 

The sequence 7^ may furthermore be chosen such that a{X) — (7^ o /3 o 'y^^)[X) is 
compact for each X e BiTi), k 

We remark that when n = 1, it is well known that an automorphism a of B{7i) is 
implemented by a unitary operator U, unique up to a scalar phase factor, and thus 
Aut{B{H)) is indexed by the set Rep(C(T), 7i) of non-degenerate representations of 
C(T) on TC, modulo the canonical action of the circle group T. These representations 
are well known from spectral theory, [Ped]. Thus Shifti(i3(7i)) and Ergi{B{T-C)) 
are empty, and Endi(i3(7Y)) is countably separated in its natural Borel structure. 
Theorem 1.2 is trivially true in the case n = 1 (just put U = UqU^ where a = 
Ad(t/a), (3 = Ad(t/^)), while Theorem 1.3 is false. 

This work was essentially completed before we became aware of Laca's results. 
As mentioned above, some of our work overlaps with that in [Lacl] , and we indicate 
below where this occurs. Our approach to the subject differs in several aspects, how- 
ever. A major goal of our work, for example, is to develop techniques and concepts 
which differentiate between those endomorphisms which admit normal invariant 
states and those which do not (all endomorphisms have invariant states, however, 
see Remark 7.6). Since Powers already showed that for each index there is only one 
conjugacy class of shifts allowing invariant normal pure states (see Theorem 4.2, 
below), any method giving other conjugacy classes of course gives shifts without 
invariant vector states. (There does, however, exist a plethora of conjugacy classes 
of non-crgodic endomorphisms of a given index n each allowing (several) invariant 
vector states; just take discrete direct sums of the representations of On defined 
by Cuntz's states as in Section 4.) A special feature of our approach is that we 
obtain many examples of shifts not allowing invariant vector states by perturbing 
shifts allowing such states by various perturbation techniques (see Sections 6 and 
7). Our constructions in Sections 5-7 are based primarily on consideration of (in- 
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certain nearest neighbor states on UHF^. Both constructions lead to shifts which 
do not have invariant vector states, but, more importantly, the shifts on nearest 
neighbor states are not conjugate to those from Sections 6-7. 

In Section 9, we construct explicitly extensions of endomorphisms of B{7i) to 
automorphisms of B{7i ®7i). 

We finally point out the connection between our results and the results of Arveson 
on one-parameter semigroups of *- endomorphisms (see [Arvl-2]). If one translates 
Arveson's concepts, which are tailor-made for the semigroup ]R+, to the semigroup 
N U {0}, then his spectral C* -algebra for a shift of index n is nothing but the 
Toeplitz-Cuntz algebra S^, which in turn is an extension of On by the compact 
operators when n is finite, and Soo = C'oo [Eva]. Otherwise Arveson's Fock space 
methods have a different flavor from our infinite tensor product methods. 

The Toeplitz-Cuntz algebras also play a role in the recent work in Dinh [Din], 
as well as [Lacl-2] and [Sta] . 

2. CuNTZ Algebras and Cuntz States 

The Cuntz algebra On is uniquely defined as the C*- algebra generated by n = 
2, 3, . . . isometrics si, . . . ,Sn satisfying 

n 

(2.1) s*Sj = 6ijl, ^SjS* = l, 

[Cun]. There is a canonical representation of the n- dimensional unitary group 
U (n) in the automorphism group of On defined by 

n 

(2.2) Tg{si) = J29jiSj 

for g = [g,j]l^^, E U{n). 

Let TTi , TT2 be two non-degenerate representations of O^, on a Hilbert space 7^ , 
and put 

(2.3) Si = TT^{Si), Ti=TT2{Si). 

Then there exists a unitary operator M — [m^] G MniBiTi)) and a unitary operator 
U e B{H) such that 

n 

(2.4) Ti = Y,Sjmji = USi. 
The operators M and U are given uniquely by 

n 

(2.5) mji = S*Ti, U = J2TjS* 
and we have the relations 



n 

(2.6) ruji = S*USi, U=J2 SjmjiS*. 
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Conversely, if {S'^} is a realization of On on H, and [rriij] is a unitary element in 
Mn{B{T-L)), then {Tj} defined by (2.4) is a realization of On on Ti,. The same remark 
applies to a single unitary operator U G B{TC), and the other equation in (2.4). We 
will give explicit formulas for the transfer operators (2.6) in Sections 7-8 below for 
elements in Endn{B{7i)) from distinct conjugacy classes. 

The C*-algebra On is simple and antiliminal when n > 1, [Cun]. We define, 
naturally, Oi as the universal C*-algebra generated by one unitary element, i.e., 
Oi = C(T), and Oca as the algebra generated by isometries si, S2, . . . satisfying 
merely the first relation in (2.1). Then O^o is still simple and antiliminal [Cun], 
while Oi of course is abelian. 

With a slight abuse of terminology, we will say that tt is a non-degenerate rep- 
resentation of Ooo if TT is a representation with YliLi'^i^i^i) = 1» where the sum 
is in the strong operator topology. With this convention, all the statements in the 
second paragraph of this section are still valid for n = oo, and the infinite sums 
converge in the strong operator topology. 

Let UHFjj, be the fixed point subalgebra of On under the canonical action of the 
center of U{n). Thus UHF^ is the closure of the linear span of operators of the 
form 



•Silvia • • '^ik^jk^jk-i ' ' '^ji 



over /c = 0, 1, 2, . . . . If n < oo, then UHF„ is the UHF-algebra Mj^oc , which is the 
uniform closure of finite linear combinations of operators of the form Ai ® A2 ® 
A3 ® • • • , where each acts on a fixed n-dimensional Hilbert space (i.e., Ai G M„) 
and all but finitely many of the Aj's are the identity. If n = 00, then UHFqo 
is the (non- simple) AF algebra described as follows: Let be a fixed infinite- 
dimensional separable Hilbert space. For each G N, let Ck be the C*-algebra 
of compact operators on ^iTi., viewed as the C*- algebra generated by all linear 
combinations of elements of the form Ai ® A2 ® • • • ® A^ ® / ® / ® • • • , where 
Ai G C(H). Then UHFoo is the C*-algebra generated by the C^'s for k e N, and 
the identity. For more details on UHFqo, see also [Cun], [Eva], [Br- Rob, Example 
5.3.27] or [Lacl-2]. 

Let Dn denote the canonical diagonal subalgebra of UHF^; that is, Dn is the 
abelian C*-algebra obtained as the closure of the linear span of 

Then is maximal abelian in UHF^. If 2 < n < 00 then Dn is canonically 
isomorphic to C {Yl^Lo '^n) , where Z„ = {!,... ,n} equipped with the discrete 
topology. If 72 = cxD, Dn is the abelian C*-algebra spanned by 1(8>1®1® - ■ ■ , Co(N)® 
1 (g) 1 ® ■ ■ • , Co(N X N) 1 • • • . (For details on this, see [Br- Rob; Example 5.3.27].) 
If n < cxD, we defined the canonical endomorphism ij; of On by 



Then fAluHF one-sided shift. 

If ?7i, . . . , ?7,i G C with ^^=1 |r7ip = 1 the associated Cuntz state is the pure state 
ujn on On defined by 
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(this definition also goes through with obvious modifications for n = oo and n = 1). 
When 2 < n < oo, <^r/luHF infinite product on of the pure states on 

Mn defined by the vector rj — {rji, . . . ,r]n)- When n — +oo, LVrjlun-p is similarly 
the state on UHFqo, described as before, defined by the unit vector 77 (8) r/ (g) 77 • • • , 
[Cun], [ACE], [BEG J] and [Voi2]. 

3. Endomorphisms 

Theorem 3.1. ([Arvl], [Lacl; Theorem 2.1, Proposition 2.2]) Let (p be a unital 
endomorphism of B{Ti.) of Powers index n e {1, 2, 3, . . . , +00}. 

It follows that there exists a non-degenerate representation of On on Ti. such that 

n 

(3.1) ifi{X) = J2SiXS: 

where Si is the representative of Si. Conversely, any nan- degenerate representation 
of On on H defines an endomorphism of index n by (3.1). The representation is 

unique up to the canonical action ofU{n). 

Proof. Since (piBiTi)) is a unital subalgebra of B{H), isomorphic to BiTi), we have 
a tensor product decomposition Ti = Hq^IC of H such that (p{B{7i)) identifies with 
i3(7io)®l, and then >p{B{n)y nB{n) = I®i3(/C), [Dix]. Thus, Index(^) = Dim(/C). 
Let {Eij)f j^i^ be a complete set of matrix units for (p{B{'H)y. It follows that 

EiMB{n)) = ^{B{n))Eu = BiHo) ^ B{n) 

for z = 1,2, ... ,n, and X (p{X)Eii is a *-isomorphism between B{H) and 
B{EiiH). By Wigner's theorem (which is Theorem 3.1 in the case n = 1) there 
is a unitary operator Si from Ti onto Eali. such that 

ip{X)E,i^S,XSl 

But then 

n n n 

^{X) = ifiX) Y.Eii = Y, v{X)Eii = J2 SiXS*. 

i=l i=l 1=1 

We have 

n n 

Si* Si = 1, SiS* = Eii = 1 

i=l i=l 

SO the Si satisfy the Cuntz relations (2.1). Conversely, if Si satisfy the Cuntz 
relations, then (f defined by (3.1) is an endomorphism such that (f{B(T-C))' fl i3(7i) 
is spanned by SiS*, and consequently ip{B{7i)y fi B{T-C) = Mn and (p has index n. 

Let Ti, i = 1, . . . ,n he another non-degenerate realization of On that imple- 
ments (fi: 

n n 

ip{x) = Y,T^xT: ^Y^^^^^i- 

Multiply the last relation to the left by Sj and to the right by Ti to obtain 
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Since this is true for any X e B{l-L), 

Sj Tj = hjil 

where hji G C. But then h — [hji] G U (n) and 

7r2 = TTi O Th 

where r is the canonical action of U{n) on On, and tti, tt2 are the representations 
determined by 5, T, respectively. 

Definition 3.2. For n = 1, 2, . . . , oo, let 

Rep (On, ?^) 

denote the set of all non-degenerate representations of On on Tt, and 

lTTiOn,n) 

the set of all irreducible representations of On on 7i, and 

Rei)^{On,n) 

the set of representations of On on TC such that UHF^ is weakly dense in B{7i). Of 
course the two latter sets are empty if n = 1. 

The canonical action of U{n) on On gives rise to an action of U{n) on each of 
these spaces. Also, the unitary group U{Ti.) on H acts on each of the three spaces 
by 7r(-) ^ Un{-)U* for U G U{n), n G Rep{On,n). The following corollary of 
Theorem 3.1 is immediate. 

Theorem 3.3. Let n — > '/'(tt) be the surjective map from Kep{On,'H) onto 
Endn{B{n)) defined in Theorem 3.1. Then: 

(3.2) ^p{tt) G Erg„(B(7i)) if and only if tt G Irr((!?„,7i) 

(3.3) v?(7r) G Shiftn(-B(H)) and on/y ^/tt G Repg(e)n,^) 

(3.4) ([Lac, Proposition 2.4]) (/?(7ri) and ^{1^2) ore conjugate if and only if there 
is a g & U (n) and a U E U {7i) such that 

7r2i-) = U7r,M-))U\ 

In short, the conjugacy classes in Endn{B{T[)) correspond to the orbits in 
I{jep{On,'H) under the joint actions ofU{n) and U(T-L). 

Proof. To prove (3.2), it suffices to show that ([Lac, Proposition 3.1]) 
(3.5) 7r(On)' = {X e B{H) \ ^{'k){X) ^ X} = B{HY . 

But if X G 7r(0„)', then 

n n 

^{X) = Y,SiXSt = Y,SiStx = 1-X = X 
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where S, = Tv{si), so X e B{ny , and 7r(0„)' C BiU)^ . Conversely, if X e BiUy , 
then X)r=i SiXS* = X. Multiplying to the left by S* we obtain 

xs* = s*x 

and since X* e B{H)'^, we also derive 

SjX — XSj. 

Hence X e 7r(On)' and so 

BiH)"^ C niOn)'. 

This establishes (3.5) and therefore (3.2). 

To prove (3.3) we will more generally establish that ([Lac, Proposition 3.1]) 

(3.6) f]^\B{n)) = (7r(UHF,))'nS(7i). 

k 

This again will follow from 

(3.7) v\Bin)y = linspan{5,, ■■■S,,Sl--. Sj,}. 

But as 

n 

^'^{x)^ s,,---s,,xs:^---s: 

and (ii, . . . , ifc) — > S'j^ • • ■ is a non-degenerate representation of O^k , it suffices 
to prove (3.7) for k = 1. But as 

SiS*ip{x) = SiS;J2^kXS*k 

k 

Q V c* \ o V c* c c* 

— OjA.^j — 2_^djfA.^i^^idj 

k 

= ^iX)S^S* 

we have 

linspan{5,5'*} C ip{B{n)y. 
Conversely, a general element X e B{T-C) may be written 

X = SjXjjS* where Xij — S*XSj 
and, if X e ifi{B{H)y, then 

ii k k ij 

for all Y e B{n); that is, 

^ ] SjXjjY Sj = ^ ] SjYXjjSj 
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for all Y e B{H). Thus must be scalar multiples of 1, and X is a linear 
combination of SiS*. This establishes (3.7), and hence (3.6) and (3.3). (Of course, 
if n = oo, linear span means the weak closure of the linear span.) 

To prove (3.4), put 5"^ = 7ri(si), = 7T2{si). If <fi{7ri), <fi{TT2) are conjugate, there 
exists a 7 = Ad{U) e Aut(i3(7^)) such that 

</f (7r2) = 7</^(7ri)7~"^ 



I.e., 



J^TiXT* = U lj2SiU*XUS* j U* = Y^{USiU*)X{USiU*)* 

i \ i / i 

for all X G B{l-C). Since USiU* satisfy the Cuntz relations it follows from the 
uniqueness part of Theorem 3.1 that there exists g — [gij] £ U{n) such that 

n 

i.e., 

M-) = U{n,oT,{-))U*- 

The converse is established by doing the steps in converse order. 
This finishes the proof of Theorem 3.3. □ 

Proof of Theorem 1.2. By Theorem 3.1 there exist two realizations /S, T of On on 
Ti such that 

a{X) = /3(X) = Y.'^iXT:. 

i i 

By (2.4) there is a unitary U such that 

Si = UTi 

for all i. But then 

a{X) = U/3{X)U* 

lor all X e B{n). □ 

Proof of Theorem 1.3. By Theorem 3.1 there exist two realizations 5', T of On on 
H, such that 

n n 

a{X) = Y,S.XSl P{X) = Y^^iXT:. 

i=l i=l 

Let e > 0. As On is a simple, antiliminal C*- algebra it follows from Voiculescu's 
non-commutative Weyl- von Neumann theorem ([Voil, Corollary 1.4] and [Wor]) 
that there exists a unitary U onH such that 

Si - UTiU* 

are compact for z = 1, . . . , n, and 



II a 



TTTi TT*\\ ^ 
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Let 7(X) = UXU*. Then 

n 

a{X) - 7/37-1 (X) = (SrXS* - UTiU*X{UTiU*)*) 

i=l 

n n 

= ^{Si - UTiU*)XS* + J2 UTiU*X{Si - UTiU*y. 
i=l i=l 

Thus a{X) — ^P^~^{X) is compact and 

\\a(X) - ^P^-\X)\\ < 2n • 1 • ||X||e/2n 

= 4x\\- 

This proves Theorem 1.3. □ 

4. Shifts and Invariant States 

Let a be an endomorphism of E{T-L). The next theorem gives a characterization 
of the normal a-invariant pure states on B{li). 

Theorem 4.1. Let a he a unital endomorphism of B{7{) of index n = 1, 2, . . . , 00, 

and let tt be a corresponding non- degenerate representation of On- Let Si = ivisi), 
i = 1,... ,n. Let ^ be a unit vector in H, and let uj{X) = (^,7r(X)^) be the 
corresponding state on On- The following conditions are equivalent: 

(4.1) iC, a{X)0 = (e, XC) for all X e BiU) . 

(4.2) ^ is a joint eigenvector for S* for i = 1,2, . . . ,n. 

(4.3) CO is a Cuntz state on On- 

Furthermore, the corresponding eignvalues in (4.2) are fji: 
(4.4) = U 

for i = 1,2, ... ,n, if and only ifYl^=i l^iP = 1 ^'^^ co = u>rj. 

Proof. (4.2) 44> (4.3) and the final remark are straightforward. 
(4.2)^(4.1): IiS:^ = U, then 

i=l i=l i=l 

n 

Furthermore 

n n 

(4.1) ^ (4.2): Assume that {^,a(X)^) = {^,X^). We have 

n 

(e,«wo = E(^*^'^^*o- 
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But X — > {S*$,,XSl$,) is a positive linear functional on B{H) of norm 

The sum of these norms is 

As the sum of these positive functionals is ■$,) and ■$,) is pure, it follows that 

{s:^,xs:o = \\sur{^,xo 

for all X e B{n), but then 

S*^ = U 

where ?7i e C is such that \rii\ = || 5**^11 . □ 

Using Theorem 4.1 we can prove the following result, which is implicit in the 
proof of Theorem 2.3 of [Pow2], see also [Sta] for related results. 

Theorem 4.2. Suppose that a, (5 are ergodic unital endomorphisms of B{7i), both 
of index n e {2, 3, . . . } and assume that both a and (3 allow a pure invariant state. 
It follows that a and (3 are conjugate, and both of them are shifts. 

Proof. Let tTq, tt^ be the representations of On corresponding to a, respectively. 
The ergodicity of a, /? implies that tTq,, Tip are irreducible, by Theorem 3.3. Let ^q,, 
be unit vectors in H such that (^a, a(-)^a) = (^a, -^a) and (3{-)^p) = (^/3, -Cp)- 
By Theorem 4.1 the corresponding two states on On are Cuntz states; i.e., there 
exist unit vectors rj'^ = {rj^, . . . , rj^) and rj^ = (ryf , . . . , ry^) in £^({1,2,... , n}) such 
that 

{^a,'^a{x)^a) = (^V'^ix) and {^i3,7rf3{x)^f3) = UJ^i3{x) 

for X e On- Now, choose g = [gij] e ?7(n) so that 7]°^ = g^r]^, where g^ is the 
transpose of g. But since 



etc., one has 



for any g & U (n) and any unit vector ry e ^^({1, 2, . . . }). In particular 

(4.5) LO^0 °'^9 = • 

As tTq; and tt/j are irreducible, it follows that ^q, is cyclic for tTq, and is cyclic for 
7r/3, and hence the relation (4.5) entails that tTq, and irp oTg are unitarily equivalent. 
By (3.4), a and /? are conjugate. To show that a and P are shifts is equivalent to 
showing that 7rQ,(UHFn) and 7r/3(UHFn) are weakly dense in BiTi). But tTq,, tt/j are 
unitarily equivalent to the representation defined by the Cuntz's states 

and thpsp a.rp irrpdiir.ihlp in rpstrir.tinn tn TIHF„ hv SWfS hplnw. H 
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5. Classification of Conjugacy Classes of Shifts 

In this section we will prove Theorem 1.1, and find an explicit set of labels for 
the conjugacy classes in Shiftn(B(7Y)). In Sections 6, 7, and 8 we will consider 
some more explicit points in the label space. Assume that n e {2,3,...}. The 
case n = oo is somewhat more complicated and was treated in detail in [Lac]. 
The results are similar in that case, and we will restrict to finite n in the rest of 
this section. Consider unital shifts of Powers index n on B(7{). By Theorem 3.3, 
these correspond to the set Repg(On, Ti) of representations tt of On on H such that 
7r(UHF„) is weakly dense in B{H). These representations identify with the cyclic 
representation defined by any vector state, defined by a unit vector in H. We will 
characterize abstractly the corresponding states on On, or, rather, the restriction 
of those states to UHF„. So let P denote the set of pure states lj on UHFjj such 
that CO has a pure extension u' to On with the property that, if {Ti.u>' iT^uj' ■, ^uj') is 
the corresponding representation, then 7ra;/(UHF„)" = B{'Hu,')- Let: 

cr{-) — Si ■ S* be the canonical endomorphism of UHF^ 

i 

(= the one-sided shift on M„oo) 

= M„ (8) • • • M„ (8)1 1 (g) • • • C UHF„ 

" V ' 

m 

= 1 ® • • • (g) l (8)Mn (8) M„ ® • • • C UHF^ 

= relative commutant of A^- 

Then cr{A^) C ^^^.i and a : A^ ^m+i isomorphism. 

Lemma 5.1. If uj is a pure state on UHF^ then uj o a is a type I factor state of 
multiplicity < n. 

Proof. 

TT^iaiVRFn))' = TT^iAl) ^ Mn, 



and the representation Hilbert space of a; o cr identifies with 7Tu,(a([]liFn))^uj- 

Lemma 5.2. Let uj be a pure state on UHF^. The following conditions are equiv- 
alent: 

(1) w e P 

(2) For all e > there is an m G N such that 

(uj o a — u;)\ AO <e 

m 

(3) lim^^oo 11^ o (^""^^ - a; o c7"^|| = 

Proof. Since a"^ maps UHF^ isometrically onto A^, the equivalence of (2) and (3) 
is immediate. Since u and u o a both arc factor states by Lemma 5.1, it follows 
from [Fowl, Theorem 2.7] that (2) is equivalent to the representations n,^ and 77^^00- 
being quasi- equivalent. 
(1) (2). If a; e P, then 



u; o a{x) = j2{s:^o.,^Ms:n, 
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for X e UHF„, where S* are the representatives of s* in the extension of tt^ to a 
representation of On on Hu- But this shows that a; o cr is a normal state in the 
representation tt^^, and, as co and u o a are factor states, they are quasi-equivalent. 

(2) =>■ (1). If a; and u)oa are quasi-equivalent, then the endomorphism ni^{x) 
tTi_j{(t{x)), X G UHF„, extends by continuity to an endomorphism of BiTiuj) which 
we also call cr. But as t:^{Ai) C 7ra,((T(UHF„))', we have Tii^{Ai) C a{B(T-iuj))' ■ 
Realizing the elements in UHF„ as n x n matrices with entries in A^^ using that 
Ai = Mn, one easily deduces the converse implication, and hence a has Powers 
index n, and there exists by Theorem 3.1 a non-degenerate representation tt of On 
on such that 

n 

where Si = 7r(si). But then a{B{7i)y is spanned linearly by SiS*, i^j — l---n, 
and, as a{B{H)y = ncj{Ai), t^uj{Ai) is just the linear span of SiS* , i,j = 1 • • - n. 
Now, modifying the SiS with an element in U{n) if necessary, we may arrange it 
so that 

SiSj = 7rui{siSj) 
and this determines the Si^s up to a fixed phase factor. If 

eSf = ^'(«.«-) and E^^^ = a'^{S,S;) 

then 

for k = 1,2, ... , and thus we see that extends to a representation n of On by 
setting 

7r(si) = Si. 

Thus uj e P. □ 

Lemma 5.3. Two elements Uju' & P define unitarily equivalent representations 
of UHF^, if and only, for Ve > 0, 3 m such that 

II {^-^')\a^ II < 



Proof. [Fowl, Theorem 2.7] again. 

Lemma 5.4. Assume that u, u' e P. The following conditions are equivalent: 

(1) u) and u)' define conjugate endomorphisms ofB{7i). 

(2) There is a g & U (n) such that, for all e > 0, there is an m & N with 



UJ — UJ or, 



< e 



where Tg = Ad (7. 

(3) There is a g & U (n) such that 



hm Wujoa"^ -uj' oTgOa"^\ 

m — >oo 



0. 



(4) There is a g G U (n) and a unitary U e UHF„ such that 

u{-)=J{UTg{-)U*). 
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Proof. The equivalence of the three first conditions follows from Lemma 5.3 and 
Theorem 3.3. Since condition (2) means that the two pure states uj and u' o Tg 
define unitarily equivalent representations, condition (4) follows from Kadison's 
transitivity theorem, [KR], and conversely (4) implies that u and uj' o Tg define 
unitary equivalent representations. The proof is completed. □ 

We are now ready to prove Theorem 1.1, and to even give an explicit paramctriza- 
tion of the conjugacy classes in Shifty Let as before P be the set of pure 

states on UHF„ such that 

lim \\u; o a'^+^ - u; o a'^W =0 

m— »<x) 

(this characterization is equivalent to the one given above). Define two states 
uj,uj' ^ P to be equivalent, u ~ u' , if they lie in the same orbit in P under the joint 
action of U{n), and of t/(UHF„) = the unitary group of UHF^. Then it follows 
from Lemma 5.2, Lemma 5.4, and Theorem 3.3, that there is a bijection between 
P/ ~ and the set of conjugacy classes of endomorphisms of B{'H). Since On is type 
III, and U{'n) is compact, it follows, by the same reasoning as in Glimm's theorem 
(see [Gli] and [Ped]), that P/ ~ is not a standard Borel space. This is also implied 
by the fact that the orbits in Endn(^(H)) under conjugacy all are norm dense by 
Theorem 1.3. 

The slightly different proof in the case n = oo can be found in [Lac2] . 

Example 5.5. ([Lacl]) Let im,^'m be unit vectors in C^, and let ujrn — {Cm-, -Cm) 
and (jj'ni = {^'m, -Cm) be the corresponding pure states on M„. Consider the infinite 
tensor product states u) = 0^=1 '^m and oo' = <S)m=i^'m on UHF„ = 0^=1 ^n- 
These are pure states, and by Lemma 5.3 they induce unitarily equivalent repre- 
sentations if and only if 

(5.1) lim ||(a;-a;')oc7™|| = 0. 

m— >oo 

It is well known, [Gui] , that this condition can be expressed in the following equiv- 
alent ways: 

oo 

(5.2) J2 W^n - uj'nf < oo, 

m=l 

oo 

(5.3) J2^^-\(^rn,a\)<00 



m=l 

oo 



(5.4) Jim n 1(^,01 = 1- 

m=k 

These conditions are non-commutative versions of the conditions for equivalence 
of infinite product measures on YiT given by Kakutani in 1948, [Kak]. Similar 
conditions for quasi-equivalence of quasi-free states, which are closely related to 
product states, have been given in [Po-St], [Aral], [Ara2], [Dae]. 

If, furthermore, the phases of the vectors are chosen optimally with respect 
to i.e., such that (Cm^^m) ^ ^ben (5.2) is equivalent to 

oo 

(5.5) <oo. 
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Note for example that the equivalence of (5.5) and (5.3) follows from 

liem-CII' = 2(l-Re(^^,0)- 
Using this, and Lemma 5.2, we see that u = (S)m=i ^rn is in P if and only if 

oo 

or, equivalently 

oo 

(1- l(Cm,em+l)|) <00, 

m=l 

or, 

oo 

TT \{^m,^m+l)\ = 1, 

k—foo 

m=k 

or, if the phases of are chosen inductively such that (^^, ^m+i) ^ 

oo 

XI 11^^ - WilP < oo- 

m=l 

The (5.6) conditions are taken up again in Lemma 6.5 below. In Section 6 we will 
consider a condition (6.2) which is stronger than (5.6). 

Finally, assume that cj = (S)m=i — 0m=i ^'m both in P. By 

Lemma 5.4, and the remarks above, uj and co' define non-conjugate shifts if and 
only if, for all G ?7 (n) 

oo 

(5.7) Y \\0Jm - Uj'^ O Tgf = +00 

m=l 

or, equivalently 

oo 

E(i-K^-^C)l) = +oo; 

m=l 

or the other two similar conditions. In this way we may analyze equivalence classes 
among the product states in P. See Section 6 for more details. 

Example 5.6. Another way of constructing a continuum of nonconjugate shifts is 
the following: Let {XijU>i)'^^i be a finite sequence where iVi are distinct pure states 
on Mn, Xi > and Yli=i K = ^- Choose m so large that m"' > k, and define a 
state u> on by 

k 

(5.8) (jj =y Xi uji ® uji ® ■ ■ ■ . 

^ ' " ' 

* m+l to oo 

By a standard construction (see [Bra] and [Gli]), a; has an extension to a pure state 
on UHF^. This extension uj has the property that u) o cr-^+^ = uj o for j > m, 
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{X'^jLo'^f^^i, gives rise to conjugate shifts if and only if A; = k', and there exists a 
permutation (p of {1, . . . ,k} and a g & U (n) such that 

and 

for z = 1, . . . , /c. If /c = 1, this gives rise only to the one conjugacy class allow- 
ing invariant vector states, but for k — 2,3,... there is a continuum of distinct 
possibilities. 

Example 5.7. As stated in Theorem 1.1, and clarified in Theorem 1.3 and the 
remarks after Lemma 5.4, there does not exist a smooth labeling of all the conjugacy 
classes in Shiftn(^(H)), although there are of course subclasses with a smooth 
labeling like those described in Example 5.6. We will now give a complete labeling 
of a class of shifts which will be described in more detail in Section 7, but again 
this labeling cannot be taken to be smooth. Actually the conjugacy classes of the 
shifts obtained in this fashion agree exactly with those obtained in Example 5.5, 
and these classes contain the classes described in more detail in Sections 6 and 7 
as subclasses. Let e^, z = 0, . . . , n — 1 be the orthonormal basis of C"^ defined by 
(7.14), and define <S>m=o '^'^ — ^^(^; A*) the introduction to Section 7, so that 
fj, is normalized Haar measure on = Ylm=o'^n- In particular £^($1,//) contains 
the vector 

oo 

1 = eo = eo ® Co ® • • • 

m=0 

The following result describes a class of shifts which arise from product states 
on UHF„, and they will be studied and characterized further in Sections 6-7, with 
view to their harmonic analysis. Our condition (5.16) below for conjugacy is closely 
related to [Sta; Theorem 3.6] and [Lacl; Theorem 4.3]; and we are grateful to 
M. Laca for bringing the reference [Sta] to our attention. 

Theorem 5.8. Let (Up) be a sequence of unitaries on satisfying 

oo 

(5.9) 5^||eo-C/peof <oo 

p=0 

and let Ti — SiF^U) where Si is defined by (7.12) and T{U) — (S)^o {'^■^'^)- 
We have 

(5.10) eo eo eo • • • = 1 e £^(1^,//). 
The state uju defined on M^oo = (^^^q by 

(5.11) uju{ei^j^ ® ei2j2 Ci^j^ 1 (g) 1 O • • • ) 

= Cl,Ti,Ti^---Ti T* •••T;1), 

\ 5 '1 *2 I'm. Jm. Jl /' 

where Cij, i,j = 1. . . . ,n is a set of matrix units for = B{C'^), is a product 
state 



(5.12) 



oo 
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where 

(5.13) OJU,m = (Cm, -Cm), 

(5.14) Co = eo 

(5.15) em = C^o* • • • t^m-ieo 

/or m = 1, 2, . . . . Hence, if (Vp) is another sequence of unitaries on C"" satisfying 
conditions (5.9)- (5.10), then the shift associated to SiViV) is conjugate to the shift 
associated to SiV{U) if and only if there is a unitary W e U{n) such that 

oo 

(5.16) J] (1 - 1(^0*^1* • • • K^eo, WW^Ul ■ ■ ■ W^eo)\) < +oo. 

m=0 

Proof. Note first that the condition (5.9) is equivalent to ^p^o being a well- 

defined vector in (S)^o^'^ ~ ^^{^il^) (^^d (5.9) is implied by the condition 
Z^p ||1 — < oo considered in Section 7). Thus 

oo 

(5.17) riu) = (^Up 

is a well-defined unitary operator on £^(1], //), so Tj = SiT{U) are well defined, and 

n 

(5.18) ao^u{A) = J2TiAT: 



-I* 

- i 



for all A e B{H), where a and are defined in Theorem 7.3. 
It follows from (8.5) and (8.6) that 

(5.19) S-{r]o ^r]i^V2^---) = n-^/^r]o{i){r]i 772 • • • ) 

(5.20) Si(r]o r/i ® 7/2 ® • • • ) = n^^^i^i ® ?/o ® ^2 ® • • • ) 

whenever r]Q ® r]i ® r]2 ® ■ ■ ■ G C^i^^fj,). Using = SiT{U), T* = T{U)*S*, one 
then computes 

(5.21) 

(5.22) Ti{r]o®m®---)= n^^^i^i ® Uqijo ® Uiiji «)•••)• 
Iterating the formula for T* , one computes 

(5-23) TlTl_^...T;^ieo^eo^eo^---) 
= n-^/\U^eo)U2){U^U^eo){js) 

(TT*TT* TT* „ \tTT*TT* TT* „ TT*TT* TT* „ <-x \ 
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and hence 



(5.24) 



{l,Ti, ■■■Ti T* ■■■ 

\ ' *1 I'm Jm 



n-^U*eo{t2) ■ ■ ■ (U^U* ■ ■ ■ U:,_,eo)itm) 
■ ■ ■ {U*U* ■ ■ ■ U;,_^eo){jm) ■ ■ ■ (f/oeo)(j2) 



n""'Co(*l)Cl(^2)---Cm-l(*m) 
• • •Cm-l(jm) • • •Co(jl) 



if the ^'s and a;'s are defined by (5.12)- (5.15). 

Now, if we can show that 1 is a cychc vector for the representation of UHF„ 
defined by the T's, the final conclusion of Theorem 7.4 follows from (5.7). But 
formuh (5.21)-(5.23) imply 



(5.25) T,,T,, . . ■ T,^Tl ■ ■ ■ T,* (eo ® eo ® eo ® ■ ■ ■ ) 

= {U^eo){j2){U^U^eo){j2) ■ ■ ■ {U^U^ ■ ■ ■ U:,_^e^){j^) 
■■■5i^® UoSi^ (g) UiUoSi^ (g) • • • (g) Um-2Um-3 ■ ■ ■ UoSi^ (g) eo (g) eo eo • • • 



The linear combinations of these vectors for a fixed m are equal to the linear 
combinations of vectors of the form rjo <^ rji <S> ■ ■ ■ <S) rjm-i <S> eo <S> eo <S> ■ ■ ■ and hence 
1 is cyclic for T. This ends the proof of Theorem 5.8. □ 

6. Construction of Shifts on B{H) With No Invariant States 

We now consider a special case, and give an explicit construction of a family of 
shifts on B{T-C) which have no pure normal invariant states. This family may be 
constructed using the GNS representation theory corresponding to product states 
on UHF algebras of type n°°. A shift a constructed in this manner will have Powers 
index n, i.e., a e Shifty (B(7^)). This family of shifts was already considered in 
Example 5.5. 

We begin by fixing an integer n > 2, and then we view M^(C) as the algebra 
of linear transformations on the n-dimensional vector space over C. For each 
k eN, let Bk be an isomorphic copy of M„(C), and in the usual way, we consider 
Bk to be embedded in the tensor product construction of the UHF algebra A of 
Glimm type n°°, i.e., A = ^ B^- We now construct a family of pure product states 
on A as follows. For each positive integer k, pick a unit vector hk in C", and let 
Cfe G M„(C) denote the corresponding rank one projection onto Chk- Throughout 
this section we impose the following conditions on the sequence of vectors {hk}: 



(6.1) 



lim \\hk — h\\ = 



for some /i e C^, 



oo 



(6.2) 




fe=i 



oo 



(6.3) 



n \{hk,h)\ = 0, 



for all m. 
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In fact, only the last two are really conditions, as (6.2) implies that [hk) is Cauchy, 
and therefore (6.1) may be viewed as the definition of h. Using the first condition, 
there is an integer m such that {hk, h) ^ for all > m, so the third condition 
is equivalent to the divergence of the series ^^.^^ — In cos | {hk, h)\. But one easily 
verifies that for sufficiently small x in K, a:^/2 < — lncos(a;) < x^, so the divergence 
of the series (and hence condition (6.3)) is equivalent to the following condition. 

oo 

(6.3') ^{arccos(|(/ife, h)\)y = oo. 

k=l 

Example. We provide an example of a sequence of vectors in which satisfies 

(6.1) , (6.2), (6.3'). Consider the sequence of real numbers 

{1,1/2,1/2,1/3,1/3,1/3,...} = {^fc}, 

i.e., each term 1/q appears q times in the sequence. Define hk to be the vector 
[cos(6'fc), sin(6'fc)]. Then {hk} converges in norm to h — [1,0], so (6.1) is clearly 
satisfied. (An alternative example would be, 9k = for VA; e N.) To see that 

(6.2) holds, note that 



\\hk — hk+i\\ 

k=l 

oo 

= ||[cos(g-i),sin(g-^)] - [cos((g + 1)"^), sin((g + 1)-^)]|| 

q=l 

oo 

= ^{(cos(g-i) - cos((5 + + (sin(9-i) - sin((5 + 1)-'))'}'/' 

q=l 

oo 

= J]{2-2(cos(5-^-(^+l)-W/' 

oo oo 

= Y: 2^/^{1 - cos((g(g + 1))-^)}^/^ < Y 2^/'{l - ^os\{q{q + 1))"^)}^/^ 

q=l q=l 

oo oo 

- 2'/' sin((g(g + 1))-^) < ^ 2'/^/{q{q + 1)) = 2^/^ < oo. 

q=l q=l 

Finally, to see that (6.3') holds, note that \{h,hk) \ = cos{dk), so 

oo oo oo oo 

5^{arccos(|(/.,/.fc)|)}^ ^Y^l = ^^(V?)' = E V? = oo. 

k=l k=l q=l q=l 

For each positive integer k, let pk be the pure state on Bk defined by Pk{A) = 
tr(e/cA), where tr is the non-normalized trace on Bk, and let p be the product state 
p = ^ Pk on A. The state p is a pure state on A, [Gui3, Corollary 2.2], so that in 
the corresponding GNS representation (7rp,7ip, Qp) for p, the weak closure 7rp{A)" 
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Following the development by Guichardet on infinite tensor products of Hilbert 
spaces, [Gui3], (cf. [vNeu]) we record some important facts about T-Lp and B{Hp). 
Consider all formal tensor products of vectors xi ^ X2 ^ ■ ■ ■ , where all but finitely 
many of the vectors Xk agree with the unit vectors hk- Then there is a natural inner 
product which is defined on finite linear combinations of such vectors, satisfying 

oo 

(6.4) {(S)^k,(S)yk) = ll{xk,yk). 

k=l 

Note that all but finitely many of the inner products in the expression for the 
infinite product are 1. Then Tip is the Hilbert space completion, via the inner 
product above, of the set of finite linear combinations of vectors ^ Xk, [Gui3, 
Section 1.1] (sec also [vNeu, Section 3.11] and [Guil-2]). Note that the cyclic unit 
vector Qp in the GNS representation for p is ^hk- 

Lemma 6.1. Suppose {yk : k E N} is a sequence of unit vectors in C"^ which 
satisfies WVk ~ hk\\ < oo. If for each p E N, Hp is the vector in Hp given by 

Hp = yi ® ■ ■ ■ ® i/p ® hp+i (8) hp+2 ® ■ ■ ■ , then {Hp} is a Cauchy sequence. 

Proof. For positive integers p < q, \\Hq- Hp\\p < YX=p+i ll^fe - ^fell- ^ 

Remark. As a result of the lemma it makes sense to represent the limit of such a 
Cauchy sequence by the symbol ^yk '■= (S'fcLi (cf. [Gui3, Proposition 1.1]). 

Next wc consider the algebra C{l-Lp) of compact operators in B{Ti.p). Our presen- 
tation is implicit in the paper of Guichardet. For each k eN, select matrix units e^j, 
1 < i,j < n, for Bk: i.e., for each k, efjCpq = Sjpcf^, and e^^- = /. We impose 

the condition e^i = Ck for each k. For each fc, let {/ifei, • • . , ^fcn} be an orthonormal 
basis for selected so that hki = hk and hkj = e^^hkj, j G {1, . . . ,n}. Next let 
X be the set of all ordered sequences P = {pi,P2, ■ ■ ■} where pk E {1,2, ... , n} for 
each /c, and all but finitely many of the pk are 1. We define 5pQ, P,Q E X, to be 
1 ii Pk — qk for all /c, and otherwise 0. We use the notation l^h{P) to represent 
the unit vector hkp^ in Tip. From the discussion above, linear combinations of 
the vectors h{P) are dense in Hp and furthermore, h{P) , ^ h{Q)) = Spq, 
P,Q E I. The following result is clear. 

Lemma 6.2. The set {^h{P) : P El} forms an orthonormal basis for Hp. 

Next for R,S eX, we use the notation E^s to represent the rank one operator 
in B{Hp) which satisfies Ejis {^h{P)) = 5ps {^h{R)). It is sometimes useful 
to write Ers as e^^^^ ® €^^52 ® " ' ' • From the previous equation and the previous 
lemma, it follows that the operators Eps form a complete set of matrix units for 
C{Hp) (= the compact operators), i.e, -E^s, satisfy the identities 

(6.5) E*pQ = Eqp 

(6.6) EpqErs = SqrEps, P, Q,R,Se X, 

and the set of finite linear combinations of the matrix units EpQ is a uniformly 
dense subalgebra of C{Hp). 

We next show that there is a natural way to make sense of the symbol I®EpQ as a 
rank n operator in C{Hp), and then we use these operators to define a shift on B{Hp) 

„f ; ] — „ rp„ 1 — 1 . o 7 / Tj\ rt ^ T u .J- — ;„ ^-^ ^-^ ™„i i ;„ c — 
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Hp, and let m be a positive integer sufficiently large so that pk = 1 for any k > m. 

■vOC 



Let V be any unit vector in C"'. By condition (6.2), Yl'jLi ll^m+j+i ~ ^m.+j|| < 



oo, so by Lemma 6.1, the symbol v hip^^ (8) /i2p2 ® ^3p3 ® " " " represents a unit 
vector in Hp. Hence the symbol / ® EpQ represents a rank n operator in C(Hp) 
which maps, for any v G C"', the vector v ® hiq-^ ® h2q2 ® hsq^ ® • • • to the vector 
v<S>hip-^ (8>/i2p2 ®^3p3 ® - • • • Furthermore it is not difficult to show that the operators 
/ (8) EpQ satisfy the identities 

(6.7) (I^EpqXI^Ers) = Sqr{I^Eps). 

If A e Bi, then clearly 7ip{A) and I ® EpQ commute, for all P,Q in X. Hence 
I®EpQ e 7rp(i?i)'. On the other hand, consider the subalgebra (S)fc^2 of ^ gen- 
erated by ^2, -B3, From [Powl, Lemma 2.3], T^p{Bi)' coincides with 7rp{^ -Bfe)", 

which is a Type I sub factor of B{Hp). Thus the set of finite linear combinations of 
compact operators of the form 

n n 

R,S & I, where for R = {ri,r2, r^, . . . }, Rj is the sequence {j, r2, rs, . . . }, forms a 
weakly dense subalgebra of TTp ((^^2 ^k) ■ We summarize these results below. 

Theorem 6.3. For any P,Q the symbol I (8) EpQ represents a compact oper- 
ator of rank n in C{Hp). The set of such operators forms a complete set of matrix 
units for the subalgebra of compact operators of the Type I subf actor TTpi^Bi)' of 
B{Hp). 

The results of the preceding theorem enable us to define a shift a of index n 
on B{Hp) which satisfies a{C{Hp)) C C{Hp). Fix S — {1,1,1,...} in X. Since 
I® Ess is a rank n projection in C{Hp), there exist partial isometrics Wi, . . . , Wn 
in B{Ji.p), each of rank one, satisfying 

n 

W* Wj = Ess and ^ Wj W* = I ® Ess ■ 

i=i 

Define operators Vi, . . . , "I4 in B{Hp) by Vj = J2Kei(^^^Ks)Wj{EsK) (cf. [Pow2, 
Theorem 2.4] it is straightforward to show that V^'s are isometrics satisfying the 
Cuntz algebra relation ^"=1 = I- We may thus define a shift a on B{Hp) by 
setting, for A e B{Hp), a{A) = YTj=i VjAV*. Note that for P,QeI, 



aiEpQ) = J2VjEpQV; 



= 5^ ® Eks)WjEsk I EpQ }^Y,ElsW*{I ® Esl) 

n 

= Y^{I ® Eps)W;EssWj{I ® Esq) 

n 

= E(/ Eps)W*Wj{1 Esq) 
3=1 

I' T ^ TP ^ \ ^ T ^ TP \ f T ^ TP ^ _ \ T ^ TP 
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SO that it is natural to use the notation a{A) = I <^ A to denote this shift on 
B{Hp). By Theorem 6.3 and the previous calculation, a{B{Hp)y = 7rp{Bi)", so 
a e EndniBiHp)), i.e., [B{Hp) : a{B{np))] = n^. 

The following theorem gives a concrete realization of the representation of On 
defined in Theorem 3.1 and Lemma 5.2 in the present setting. 

Theorem 6.4. Let Vi, . . . , Ki be the isometries defined as above. Then the map- 
ping a{A) — Y^^=i ^j^^j* '^^ ^ endomorphism on B{7ip) of index n satisfying 
the identities a^Epq) — I ® EpQ, P,Q^T. 

Proof. To finish the proof we must show that a is a shift. But it is not difficult to 
show that a^{B{np)y D np{Bi (g) ■ ■ ■ (g) Bk); and since [Ufe^p(^i • • • (8) B^)]" = 
BiHp), it follows that fife a''{B{Hp)y = CI. □ 

Next we prove some preliminary results to be used in showing that there are no 
normal a-invariant pure states on B(l-Lp). We could of course just refer to Lemma 
5.4 and (5.7) for this, but we prefer to give an interesting direct argument. We 
state the following well- known result for convenience. 

Lemma 6.5. Let H,H' he unit vectors in Hp, and let uj,uj' be the corresponding 
(pure normal) vector states on BiTip). Then \\u) — uj'\\ < 2\\H — H'\\. 

Proof. The result follows from the inequality 

\io{A) -co'{A)\ = \ {AH, H) - {AH', H') \ 

< I {AH, H) - {AH, H') I + I {AH, H') ~~ {AH', H') \ 

< \\AH\\ ■ \\H - H'W + \\A{H - H')\ ■ \H\. 



□ 

For the following two results the notation X^, m G N, is used to denote the set 
of sequences P G X whose entries are all 1 with the possible exception of the first 
m — 1 entries. Observe that Xi C X2 C • • • and IJ^ X^ = X. 

Lemma 6.6. Let E he an orthogonal rank one projection in B{l-Lp). Then for 
any e > 0, there is a finite linear combination E' of the rank one operators EpQ, 
P,Q & I, which is an orthogonal projection satisfying — < e. 

Proof. Since the E'pq's, P,Q G X, form a full set of matrix units for C(7ip), 
there are, for some m, sequences P{1), P{2), . . . , P{m),Q{l), . . . ,Q{m) of X^, 

and complex numbers Cj, j = 1, . . . ,m, such that E — J2Y=i'^j^P{j)Q{j) < ^■ 

Hence the sum YlJLi ^j^P{j)Q{j) takes the form A ® ® Cm+i ® ■ ■ ■ , for some 
A G np{Bi (8) • • • (g) Bm-i). Using standard functional calculus techniques [Gli, 
Lemma 1.6] we may assume that ^ is a projection in TTp{Bi (g) • • • g) Bm-i) and the 
result follows. □ 

Remark. Note that if e < 1 then the projection constructed in the proof of the 
previous lemma must also be rank one. 

The following lemma identifies an important clustering property which we take 
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Lemma 6.7. Let E' he any projection of the form A ® e^n ® ^m+i ® • • • as in 
the previous lemma. Let H' e Tip he any unit vector ohtained as a finite linear 
combination of vectors in the orthonormal basis {h{P) : P E T} of Tip. Let u' he 
the vector state corresponding to H' . Then limfe_>oo "^'(ck^ (-£'')) — ^■ 

Proof. Suppose for some m E N, H' is a finite finear combination of the vectors 
h{R{l)), . . . , h{R{m)), for some sequences R{j) in X^. Then we may write 
H' in the form $ ® km ® hm+i ® hm+2 ® ■ ■ ■ , where $ is a unit vector in the 
(m — l)-fold tensor product of C". From the preceding theorem, a^{E') has the 
form I®I<Si---®I<SiA®em® e-m+i ® ■ ■ ■ , where the first k tensors are /. Note 
that from the form of H' and of E' we have 



oo 

= Y\. \ {^rn+j, hm+j+k)]"^ 

By condition (6.1), \imk-,oo hm+j+k = h, and by condition (6.3), 



ll\{hm+j,h)\^0. 

Applying these two conditions to the infinite product above, it is not hard to show 
that 



(6.9) lim <Y\\{hm+j,hm+j+k) 

fe— >oo I 



>oo 



? =0, 



and the result follows. □ 

Theorem 6.8. Let a be a shift on BiTip) constructed as above. Then there are no 
pure normal a-invariant states on B{7ip). 

Proof. Any pure normal state uj on B{'Hp) is a vector state uj = {H, -H), for some 
unit vector in Tip. Given e > 0, there is a vector H' such that H' is a finite linear 
combination of the basis vectors ^h{P), P G X, with \\H — H'\\ < e/3. Let E be 
an orthogonal rank one projection in C{T-Cp), then by Lemma 6.6 there is a rank 
one projection E' which is a finite linear combination of the matrix units EpQ, 
P,Q e X, such that - E'\\ < e/3. Let u' = {H', -H'), then ||a; - oj'\\ < 2e/3, 
by Lemma 6.5. Then since ||q;'^(-E') — a'^{E')\\ = \\E — E'\\ we have, for all k, 
\uj{a^{E)) — u'{a'^{E')) \ < e. But hm^^oo '^'(«^(-E')) = 0, by the previous lemma. 
Since e is arbitrary we have limfe^oo a;(Q:^(i?)) = also. Hence if a; were an a- 
invariant state then u{E) = for all orthogonal rank one projections in CiTip). 
But then <^|(^(^ ) = which contradicts the normality of uj. This contradiction 
yields the result. □ 
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Corollary 6.9. Let a be a shift on B{7ip) constructed as above. Then there are 
no normal a-invariant states on B{Hp). 

Proof. Suppose a; is a finite finear combination ^JLi^'^j, cij G M"*", of normal 
states Uj — {Hj,-Hj). For any e > one may, as in the proof of the theorem, 
choose unit vectors iJj, each of which is a finite finear combination of the basis 
vectors ^h{P), Pel, and satisfying \\Hj — H'j\\ < e/3. Then if uj' = Yl^=i ^j'^'ji 
\\oj — oj'\\ < 2e/3, and for E' chosen as above it is clear that lim^^oo oj' {a^ {E')) = 0, 
so that lim/c sup{|a;(Q;'^(E')) |} < e, for all rank one projections E in C{l-Lp). Since e 
is arbitrary we therefore obtain Imij^^Qo uj{a'^ [E)) — 0, whence, as in the proof of 
the theorem, uj cannot be a-invariant. Finally, since any normal state u of B{7ip) 
may be approximated arbitrarily closely in norm by states which are finite linear 
combinations of vector states, we have Y\m.k^ooi^{cx-^{E)) = for these states as 
well, so such a state cannot be cu-invariant. □ 

7. Clustering Properties 

Let n G N, n > 1, be given, and let On be the corresponding Cuntz-algehra 
on generators {si)^~Q and relations, s*Sj — 6ijl., and Yl7=o ^i^i ~ ^ 
a separable (infinite-dimensional) complex Hilbert space. Then we saw that each 
element in Rep(C„,7i) is specified by an assignment, Si i— > Si of isometries of H, 
subject to the Cuntz-relations, 

n-1 

(7.1) S*Sj = 5ijI and J2^i^t = I 

where / denotes the identity operator on H. In Theorem 3.1, we identified the 
U{n) -equivalence (denoted ~) on Kep{On,'H), and a (bijective) isomorphism 

(7.2) End„(B(:^^)) ^ Rep{On,n)/ ~ . 

The element a e End„(i3(7i)) which corresponds to a given (Si) e Rep(C„,7i) is 

n-1 

(7.3) a{A) = J2SiAS* 

i=0 

defined for e B{H). We also saw in Section 2 that a in (7.3) is a shift precisely 
when the operators 

act irreducibly on Ti. (Note that the family in (7.4) is indexed by (variable) p G N, 
and double- multi-indices, ii, . . . ,ip,ji,... ,jp.) 

For any two elements (Si) and (Tj) in Rep(Cn,7Y), it is clear from (7.1) that the 
matrix 
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is unitary. Note that the matrix entries, Mjj = S*Tj are generally just in B{H). It 
also follows (as noted in (2.4)-(2.5) above) that, conversely, if (Si) G Kep{On,'H), 
and (Mjj) e Aln('S('W)) is given unitary, then the operators Tj defined by 

(7.6) r, = ^^,M,,. 

i 

satisfy the Cuntz- relations (7.1) and 

(7.7) S:Tj = M,j. 

We think of the unitary operator- valued matrix (Mij) as a non- commutative Radon- 
Nikodym derivative relating two elements in Rep(Cn, 'H). By (7.2), it will therefore 
also be relating the corresponding elements in End„(B(7^)). 

We will show that there is a distinguished (up to unitary equivalence) element 
(Si) G Kep{On,'H) corresponding to a certain Haar measure (details below). It will 
be a shift, and we shall refer to it as the Haar-shift. It has a pure invariant state 
which is defined directly in terms of the constant function on fl (where fl is the 
infinite product group defined from Z„, see (7.11) below) and the Haar measure on 
this compact group O (see (7.11) below). Our purpose in the present section is to 
be able to read ofi' from the Radon- Nikodym derivative (7.7) when some second 
element (Tj) G Rep(0„,7Y) also has a pure invariant state. Recall, by (7.2-7.3), 
that 

(7.8) P{A) := Tj^^j (fo^ ^ ^ '^(^)) 

is the element in Endn(i3(?i)) which corresponds to the given (Tj); and that the 
possible existence of pure and invariant states refers then to the possible existence 
of unit-vectors ^ E 7i such that 

(7.9) (e, AO = (e, P{A)0 for G B{n). 

We saw in Theorem 4.1 that such a vector ^ exists if and only if there is a solution 
c = (cj) G i^, with J2^=o l*^*!^ ~ simultaneous eigenvalue problem, 

(7.10) T/e = c,e for < j < n. 

Definition 7.1. Following [Jo-Pe], we now describe the Haar-shift of index n. We 
recall the residue group, := Z/nZ ~ {0, 1, . . . , n — 1}, and the corresponding 
infinite Cartesian product group, 

oo 

(7.11) 1) = (Z„)N = J]Z„. 

p=i 

It is viewed as a compact abelian group under coordinate addition. The corre- 
sponding normalized Haar measure on O = will be denoted fi. It is the product 
measure corresponding to assigning equal weights at the n coordinates (of each 
factor). Points in Cl are denoted 

™ _ ^oo _ „ ^ 
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and we have the right and left BernouUi-shifts given respectively by 

ai{xi,X2, . . .) = {i,xi,X2, . . .), and cr(a;i, a;2, • • • ) = (^2, a^s, . . . ). 
Clearly then, o" o = idn for all i, and furthermore, 

1 1 

n n 

i=0 

and therefore = fx. 

It follows (see [Jo-Pe]) that we get a Cuntz-algebra system {Si) onTi — C'^{Q, jji) 
as follows: The operators j^i, and their adjoints , will be acting on 7^, and are 
given by, 

(7.12) S*i = n-^/^C o (ji for e 7i = £^{Q, n). 

The corresponding shift a from (7.3) will be called the Haar-shift. The vector state 
u>o on B{TC), given by Haar-measure fx, and the constant function 1, is a-invariant: 
For A e Bili.), we therefore have, 

(7.13a) ujq{A) ^ {\, At) = {Al){x) dii{x), 

Jo. 

(7.13b) a;o(a(^))=a;o(^). 

We shall need the character on the group Z„, defined as follows: For p G Z, , set 

(7.14) e{p) := exp(z27rp/n), 

and, for j G /c e Z„, e(j/c) is given by this, with p = jk and jk representing 
the product in the ring Z^. We shall write, ej{k) :— (j, k) = e{jk). 

Definition 7.2. To be able to describe our Radon-Nikodym derivative, we shall 
need a certain unitary representation acting onH = £^(0, /i). 

Consider first the infinite product of identical copies of the group U (n) of all n by 
n unitary matrices. Inside this product, we have the infinite-dimensional subgroup 
of elements U = {Up)^^ subject to, 

00 

(7.15) ^ ||/- < 00 

p=i 



where / is the nxn identity matrix 



/I ••• 0\ 

1 



and II • II is the C*-norm on 



Vo 1/ 

the nxn matrices. (In fact the weaker condition ||/ — C/p|p < 00 will suffice.) 
This subgroup will be denoted Gn, and it has a natural unitary representation on 
C^{Q,li) which we proceed to describe. 

Using (7.14), we note that the discrete group A, which is dual to O = Yl^n, is 
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number of nonzero points i/j in followed by an infinite string of zeros. We get 
an orthonormal basis ex, indexed by A e A, and given by, 

(7.16) exix) ■.= Y[e{ypXp) ^Yl{yp,Xp). 

p=i p=i 

Note that we may also view (7.16) as an infinite product, but the factors after q 
will all be one. For y e Z„, we further have the functions G £^ = ^^(Z„) ~ C", 
given by, ey{x) := e{yx), see (7.14) above. This is again an orthonormal basis, now 
in relative to the Haar measure on {0, . . . , n — 1}, i.e., equal weights . Each 
unitary n by n matrix may then be identified with a unitary transformation on £^ 
relative to this basis. For an element, U = {Up)'^i in G, we define T{U) on the 
basis {exjx^A as follows: 

oo 

(7.17) {r{U)ex){x):^l[{UpeyJ{xp). 

Using the argument from Section 6, we may then check that the right-hand side 
in (7.17) represents a well- defined element in £^($7,//), with the infinite product 
convergent in mean-square. We omit the simple argument which is based directly 
on the summability (7.15) defining the subgroup G. It is also clear that, U — > T{U), 
is then a unitary representation of G acting on C^{Q, jj). 

The construction of the unitary representation, U i— > T{U) in (7.17) is parallel 
to the corresponding one, U ^ r([/) from [Gui2-3]; but with the V representation 
acting on von Neumann's Hilbert space Ti^hp) associated with some (fixed) sequence 
(^p)^i (specified as in Section 6; see especially Lemma 6.6 and formula (6.4) for 

details): When U = {Up)^^ in G is given, then r{U) is defined on the generic 
monomials m7i{hp) by the ansatz: 

oo oo 

m)<S)vp-^<S)Upfjp. 

p=i p=i 

We shall need below a specific unitary isomorphism defined in (7.24) 

W :n{hp) ^ £^{Q,li) 
which intertwines the two representations, i.e., we have 

r{U)W = Wf{U) for WU e G. 

We are now ready to state the main result of the present section. 

Theorem 7.3. Let n e N, n > 1, be given, and let Q be the corresponding infinite 
product (7.11). Let Ti. = jC^{^, n), and let 



aiA) = J2SiAS*, AeB{n) 
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be the Haar- shift from (7.12). Let U = {Up)'^i e Gn be given such that, for all 
a,b & £^ of unit-norm, i.e., ^ |ajp = ^ = 1, we have 

oo 

(7.18) (cos^^ \ {a,Ui---Upb)\)'^ = oo. 

p=i 

Let 7 = 7[/ G Aut(i3(7Y)) be given by 

(7.19) 7[7(y4) = T{U)Ar{U)* for e B{n). 



Then 
(7.20) 



/5 := CK o 7[/ 



is a shift of multiplicity n which has no pure normal invariant states. Moreover, 
we have 

(7.21) ^{A) = J2 TjAT* for Vvl e B{n) 

j 

where 

Tj:=SjT{U) (for^j). 

Proof. By Theorem 3.3, the endomorphism (3 in (7.21) may be defined alternatively 
from an element (Tj) G Rep(0„, H) with corresponding Radon-Nikodym derivative, 

(7.22) S*T;^ = n-'/^e{jk)TiU); 

and this representation is the one we identify (up to unitary equivalence) in Section 
6 above, but acting in von Neumann's infinite-product Hilbert space. The result 
then follows from our Theorems 3.1 and 6.8 above. Let H := and let (/ip)^i 
be a sequence of vectors in H such that \\hp\\ = 1, and 3h E H such that, 

(i) limp^oo hp = h, 

(ii) Y^'^=\ II ~ V+i|| < C)0 (recall that (i) is implied by (ii)), and 

(iii) Ep (cos-^ I I) ^ = oo. 

Then we saw in Theorems 6.4 and 6.8 that von Neumann's Hilbert space Tiijip) 
(specifics in [vNeu]) carries a shift I3{A) — I®A which has no pure invariant states. 
If f i G is an orthonormal basis, and 

(7.23) — Vi®^ for G Hihp), 

then {Ti) G Rep(Cn, ^(/ip)) and /3(A) = Y.^T^Af* for VA G B{n{hp)). If G 
H is chosen such that VpV — hp for a sequence of unitaries {Vp)^i, then the 
unitaries. Up := VpVp_^i, satisfy, hp = Uphp+i; and we have a correspondence 
between our conditions (i)-(iii) on the one hand, and the two conditions (7.15) and 
(7.18) for the sequence (t/p)^i on the other hand. (Note that (7.18) is equivalent to 
Ep(l - |(a, t/i ■ ■ ■ Upb)\) = oo.) But, if (Tj) G Rep(0„, £^(0, ^)) is given by (7.22), 

] /TI \ r- D — //n i u W u,, i>-r oo^ 4-1 „ „i j-1 — j- ; ] 
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by a unitary isomorphism, W : Hihp) — > To describe W, pick, for each 

p e N, an orthonormal basis (b^fj), indexed by jp G Z„, such that fep'^ = hp] and, 
using Lemma 6.2, we get an associated orthonormal basis, 

q oo 

(7.24) KA):=(g)6jf (g) h, 

p—l i=q+l 

for Hihp). We then define our W by sending the basis element b{X) in (7.24) to 
ex e £^(il, fj), corresponding to the A- index given by A = (ji, . . . , jg, 0, 0, . . . ); and 

it can easily be checked now that W : H{hp)^£'^{Q, /j,) has the stated intertwining 
property, i.e., that T^W = WTi for Vz. The proof is completed. □ 

Remarks 74. (i) The fact that /3 from (7.21-7.22) satisfies (7.20) follows from 
substitution of = n~^/'^ J2j ^Uk)Sj^{U) into (7.21), (in fact also directly from 
Theorem 3.3 with g = [n~^/'^e{jk)]jk): 

(3{A) -^n-'J^J^Yl e{kn)'^S,,T{U)AT{UrS]^ 

31 32 k 
3 3 

= ai^uiA)) for e BiL^iQ, /i)). 

(ii) Let n G N, n > 1, be given and let denote the subgroup in YlT U{n) = 
U (n)^ defined by condition (7.15) above. Let a denote the Haar-shift of jB(£^(0^)). 
Theorem 7.3 is then the assertion that {a o : U e Gn} contains more than one 
conjugacy class, so it makes explicit the analysis from [Pow2, Theorem 2.3]. We 
showed that, when U in Gn satisfies (7.18), then ao^jj represents a conjugacy class 
different from that of a. 

(iii) In Example 5.7 and Theorem 5.8, we gave a complete abstract labeling of 
all the conjugacy classes of shifts considered in the present section. The labeling 
is the set of tensor products <^pUp, <^pVp satisfying (5.9) (or stronger (7.15)) 
modulo the equivalence relation ^pUp ~ ^pVp defined by (5.16). This labeling 
is non-smooth, as we may expect from Theorem 1.1, and there is a continuum of 
distinct conjugacy classes of this form. In Example 5.6, we singled out subsets of 
the conjugacy classes in Shifty (i3(7i)) which were labeled by the points in a smooth 
manifold. Otherwise, the other classes we have considered in Examples 5.5 and 5.7 
and Sections 6 and 7 (which are all the same except for the difference between (5.5) 
and (6.1), and between (5.9) and (7.15)) do not allow a complete smooth labeling. 
It would be interesting to understand how numerical labels separating conjugacy 
classes of n-shifts may possibly be assigned, like the clustering labels in (7.25) 
and (7.26) below. The situation is somewhat analogous to that in von Neumann 
factors. Von Neumann had a discrete labeling (I„, n = 1, 2, . . . , oo, IIi, IIoo? and 
III). In 1967 Powers introduced a real label A to distinguish isomorphism classes 
IIIx in III, < A < 1, and Connes and Takesaki introduced a non-smooth label, 
the flow of weights, to distinguish IIIo classes. A modest attempt of introducing 
some continuous labels is done in Remark 7.6. The set P/ ~ from Theorem 1.1 
and Section 5 above (see especially details in Example 5.7) is in fact a complete 
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for n-shift conjugacy classes may be identified as points in our group Gn, but there 
are certainly other labels as well. We will encounter one of them in Section 8. 

To stress the difference between the two conjugacy classes represented by the 
Haar-shift a, and by Pu '■= Oio^u, from Theorem 7.3 above, we include the following: 

Corollary 7.5. Let n n > 1, be given. Let a be the corresponding Haar-shift, 

and let U G Gn be given subject to (7.18), and let (3u '■= ao^u be the corresponding 
transformed n- shift. Then we have, for all A e C{C^{Qn, IJ')) (= the compact 
operators) and all ^ e C'^iVtmlJ), the two limits 

(7.25) lim(e,«^(^)e)=a;o(^)||e|P 
and 

(7.26) lim(e,/3^(A)e)=0. 

Proof. We have already noted that (7.26) is contained in the proof of our Lemma 6.7 
and Theorem 7.3 above. We showed that the problem for £^(0^, /x) was equivalent 
to one in the von Neumann tensor product space TC{hp) for a certain sequence 
(^p)^i of vectors in and we checked (7.26) in T-C{hp) in Theorem 6.8 (and 
especially Lemma 6.7) by an approximation both in ^ and A. 

Formula (7.25), on the other hand, may be checked directly from (7.8), and an 
iteration of the formula (7.12) for S*. We recall from (7.13) that u>o{-) is calculated 
directly from the Haar- measure /j, on Qn- We omit further details on (7.25), but 
refer instead to the paper [Jo- Pe] . □ 

Remark 7.6. Formula (7.25), and recent ideas from [Pow3], suggest the possibil- 
ity of other conjugacy invariants for Shift n{B (Ti.)) . If a is a shift of index n on 
B{l-i), then any weak limit point of the sequence (a"^(A)) as m — oo has to be in 
f]^ Q;"^(i3(7i)) = CI for all A G B{l-L), and hence all weak limit points are scalar 
multiples of 1. Thus, if 5 is any free ultrafilter on N, we may define a state w(5) on 
B{n) by 

uj{5){A)l = w- lim^AT 

TV— ><5 

where 

N-l 

and then, of course, 

N-l 
m=0 

As ||q;(^jv) — ^atII < ;^||^|| ^ for AT — > oo, the state (jj{5) is then a-invariant. 

If there is a state oj on B{H) such that {^,a'^{A)^) tends to a;(^)||^|p in any 
stronger sense, for example 



(7.27) 
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or 

N-l 

(7.28) lim - =^(^)ll^f 

N—K30 iv 

m=0 

then uj{6) = u, independently of S. 

Now if a has an invariant vector state, then this state is a Cuntz state in restric- 
tion to the representation tt of On defining a, by Theorem 4.1. If a; denotes the 
normal extension of this state to BiTi)^ then 

lim {i,a^{A)^)=u^{Am\^ 

m— »oo 

for all A G C{T-C), by the same reasoning as in Corollary 7.5. (This is the absorption 
property of [Pow3].) But any state on C(7i) (= the compact operators), has a 
unique extension as a state to B(7i), and hence (jj{5) = oj for any 5, also in this 
case. On the other hand, if a does not have invariant vector states, then (jj{5) is 
necessarily non- normal. 

Note also that if a; e UHF„, and ^ eH with ||^|| = 1, then 

lim |(e,a-(7r(a;))0 - a^+\7r{xm\ = 

m— >oo 

by Lemma 5.2, and hence, if liJo{5) is defined on B{H) by 

uJo{5){A)I = w - lima'^iA), 

then uJo{6), restricted to the weakly dense subalgebra 7r(UHF^) of B{T-l), is a- 
invariant, and clearly is an extension of u;o(^) from 7r(UHF„) to i3(7Y), i.e., 

u;(S)(tt(x))I = w- lima^(7r(a;)) 

m— >(5 

for X e UHF„. If we put (jj{a, 5) = a;(5), and if 7 e Aut(B(?^)), it is easily verified 
that 

(jj{'ya^~^, 5) = Lij{a, 5) o 

It is presently unclear how to get a conjugacy invariant out of this, and relate this 
invariant to P/ ~. On the other hand, we are able to verify the absorption property 
(7.27) for a class of shifts related to those considered in the previous section. (For 
more on the absorption property, see [Pow3; Definition 2.12].) In the following 
result we return to the notation of Section 6. 

Theorem 7.7. Suppose {hk : k E N} is a sequence of unit vectors in satisfying 
the conditions 

(i) Efcli ll^fc+i - ^fcll < 00, 

(ii) \imm^ooUkLm{hk,h) = 1, 

where h — limfc^oo^fc- Let p = ^ Pk be the pure product state on UHF^ where 

Pk = {hk,-hk), where GNS representation {ji p.Tip.Vtp) . Let u he the symmetric 

;„.„J. „J.„J.„ , . /O , . TTXTTTi , . lU U\ rpU 1;™ It „.kl A\t\ 
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c<;(A)||^|p, for all A e B{Hp) and all ^ G Tip, where a is the shift given by a{A) = 
I^A on B{np). 

Remark 7.8. Note that condition (i) is the same as (6.2) above. If one assumes that 
condition (i) holds, then (ii) is the negation of condition (6.3). 

Proof. We first recall that only condition (6.2) was used in the proof of Theorem 
6.4 so that there exists a shift a on B{T-Lp) which satisfies a{A) = I ® A ioi all A 
in BiUp). 

Next, since for sufficiently large m, nfcLm(^fc' ^) Grists and is nonzero, it follows 
([vNeu, Lemma 2.4.2]) that Ilfc^m exists and also XlfcLi \^k\ < do, where 

9k G (— TT, tt] is the argument of {hk, h). Hence, since |e'^ — 1| < 16*1 for 6* G (— tt, tt], 

oo oo 

E 11 - ^hk. h)\ < h)\ ■ - 1| + h)\ - 11} 

fe=i fe=i 

oo 

fe=l 
< oo, 

SO ([Gui3, Proposition 1.1]), h ®h ® h - ■ ■ represents a unit vector in the Hilbert 
space Tip. For simplicity we write H = h®h® ■ ■ ■ . 

Now suppose that ^ is a unit vector in Tip, then arguing as in Lemma 6.7 there is a 
positive integer m and a unit vector ^' which is a finite linear combination of vectors 
among the orthonormal set {(S)^(-P) • P ^ -^m}, and satisfying ^11 < e/4. Write 
^' = X^p^j ap{^ h{P)). The maximum number of nonzero terms in this sum is 
N — n^. Then using the fact that the vector H lies in Tip, one may show that there 
exists a positive integer M > m sufficiently large so that if for each P E Im one 
obtains a new vector Hp from h{P) by replacing the tail ®/im+i ® hM+2 ® • • • 
of (g) h{P) with (8)/i (8) /i (g) • • • , then ||(8)/i(P) - Hp\\ < e/{AN). Then if ^" is 
the vector YliPei (^pHp, one sees that is a unit vector satisfying ||^' — ^"|| < 
Epe/^ l^^'l \\'S)hiP) - Hp\\ < N ■!■ e/{4N) = e/4. Hence ||^ - < e/2, and 
therefore, by Lemma 6.5, \{^,a''{A)^) - , a''{A)^")\ < e\\A\\, for aU A G BiUp) 
and all /c G N. 

But if k is chosen to be greater than M, note that (^", a^{A)C") = {H, AH) = 
(jj{A). Since e is arbitrary, we obtain limfe^oo(C) = (^{A). □ 

8. Nearest Neighbor States 

In Sections 6 and 7, we constructed shifts on B{T-t) coming from product states 
on UHF^j. In this section, we will consider a state on UHF^ which is a prototype 
of what could be called a nearest neighbor state, since it couples nearest neighbors 
in the tensor product decomposition UHF„ = M„ ® M„ ® M„ ® ■ ■ • . We will study 
this shift by perturbing the shifts with invariant states considered in Section 4. To 
this end we need to describe the latter more explicitly. We assume n G {2, 3, . . . }. 

Let rj = (?7o, ?7i, . . . , Vn-i) be a sequence of complex numbers with 

n-l 
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We also assume for the moment that rjk 7^ for A; = 0, . . . , n — 1. Let Q = Ylk^o ^n, 
so that Q is homeomorphic to the Cantor set. Equip Q with the infinite product 
measure obtained from the measure on Z„ with weights jryoP, l^iP) • • • ) |'7n-iP 
on the n points. Define continuous open injections ai : Q —> fl by 

(8.1) ai{xo,xi,X2,. . .) = {i,xo,xi,...) 
and define the shift a : ^ Q by 

(8.2) a{xo, xi,X2,...) = ixi,X2, X3,...). 

The corresponding element in Kep{On, C^i/J')) may be identified by: Define 

(8.3) SU = Uoai 

(8.4) SiC = fjr\,^^^oa, 

or 

(8.5) {S-^){xo,xi,X2, ■■■) = f]i^{i, xo,xi, . . .) 

(8.6) {Si^){xo,Xi,X2,...) ^f]~^Sia;oC{xi:X2,...). 

One checks, using the formula (see [Kak]) 

p n — l „ 

/ ip{xo,xi,...)dii{xo,xi,...) = y2\Vif / ipii,xi,X2,...)dii{xi,X2,...), 
Jq Jn 

that S* is indeed the adjoint of Si, and that Si satisfy the Cuntz relations (2.1). 

In fact notice that distinct weight distributions, p = (pi)iez„; where := > 
0, give corresponding orthogonal (i.e., mutually singular) measures = fip on 
Q — Ylo^ by an application of Kakutani's theorem [Kak] . However the individual 
operators Si in (8.6) depend both on the PiS and on the phases ?7i|r7i|~^. Note 
also that the constant function ^ = 1 is a joint eigenvector for Si,. .. ,5* with 
eigenvalues fji, . . . ,f}n, and hence (1, -1) defines the Cuntz state on On by Theorem 
4.1. We have 

(8.7) {Si^ ■■■Si^l){xo,Xi,X2,...) =f]~^Si^,xo%^^i2,xi ■■■%^K,Xk-i 

and hence 1 is a cyclic vector for the representation. 
Note further that 

(8.8) iSi,---Si,S*^.--S*^Oi^o,x,,...) 

= V~^Si^,xo • ■■ViJ'K,xk-iVjk ■ •■Vji^ihi ■ ■ ■ Jk,Xk,Xk+i, ...) 

and hence 
(8.9) 

{Si^---Si^S*^---Sl^){xo,xi,...) 

^il ,xo ,xi ' ' ''^jfe,xj._i^(^l7 . . .^fc? '^kj "^fe+l ) • • • ) 
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It follows from (8.8) that UHF„ acts irreducibly on confirming by 

Theorem 3.3 that the corresponding endomorphism of B{H) is a shift. It follows 
from (8.9) that 7r(Dn) identifies with C{Q,) acting as multiplication operators on 

£2(0,^). 

Since, as we have seen in the proof of Theorem 4.2, the canonical action of 
U{n) acts transitively on the Cuntz states, one may obtain concrete realizations 
of the representation associated to a unit vector (770, .. . , ?7n-i) in C", where some 
of the components are zero, by applying canonical actions on states where all the 
components are nonzero. 

For simplicity, let us specialize to the case 

(8.10) r]i = n"^/2; z = 0, . . . , n - 1, 
so 

(8.11) s:^ = n-'/^^oai 

(8.12) Si^^n^/\,^ciCoa 
for ^ G £2(0^^). 

In this case £'^{fl,iJ,) has an orthonormal basis consisting of all finite products 

(8.13) ej{x) = {jo,xo){ji,xi)---{jk,Xk) 

for j = {jo,ji, ... ,jk,0,0,...) eCl, and x = {xq, xi, . . .) e fl, where 

(8.14) = ex.p{2TTi jx/n) 
for j, X eZn. 

We will now make a realization Ti, . . . , T„ of C„ on £^(0, //) which defines a 
shift without pure normal invariant states. Any such realization has the form 

n 

by (2.4), where [niji] is a unitary matrix in M„(;B(£2(0, /u))). We take [rriji] to be 
a diagonal matrix with ma being the multiplication operator on £^(1],//) defined 
by the function 

(8.15) mii{xQ,xi,X2,...) = {i,XQ). 

In formulas (2.5) and (2.6) above, wc introduced, for general pairs [Si), {Ti) in 
Rep(On,'^^), the unitary transfer operator U which relates them. Recall that, for 
a general such pair, U is given by, 

3 i j 

and, for the present concrete pair, a calculation yields, 

(8.16) {U^){xo,xi, ...) = (a;o,a;i)^(a;o,a^i, . . .) 

for e C^i^^, IJ) and for \/x = (xq, xi, . . .) e Q. 

We are now ready to give the new shift associated with nearest neighbor states. 
As we note in Remark 8.3 below, this shift is not conjugate to any one of those 
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Theorem 8.1. Let (5,) G Rep{On, jC^i^i)) be given by (8.12), and let a be the 
corresponding Haar shift. Let Ti e Rep(C^, £^(/i)) be given by, Ti = Sima, with 
the functions mii{-) on Q. defined in (8.15); and let, I3{A) := Y^^TiAT* , (forMA e 

B{C^{p))) be the corresponding endomorphism. 

Then (3 is a shift of Powers index n, and (3 does not allow invariant vector states. 
The corresponding state u of UHF^ is given by 

^i^^i ® 43. ® • • • ® 41 ) = {l,T,,T,,...T,,Tl...T*^l) 

= -fc5iUfc(^l'^2)(i2,i3) • • • {ik-i,ik) 

■ {h^h) {h,h) ■ ■ ■ {jk-i,jk)- 

Proof. We have 

T* = fhiiS* 

so by (8.11) and (8.13), 

(8.17) {T*i){xo,xi,...) = {i,xo)n~'^/^^{i,xo,xi,. . .) 

for all ^ e >C^(f2, ii). Assume now (ad absurdum) that ^ is a joint eigenvector of the 
Trs: 

(8.18) T*^ = M 

where e C and Yl7=o l'^*!^ ~ Combining with (8.17) we have 

(8.19) Xi^{xo,xi,X2, ...) = {i, xo)n~^/'^^{i, xo,xi,...) 
for i = 0, . . . ,n — 1; that is, 

(8.20) C(yo, yi, y2, • • • ) = Ko'i^^^'^iyo, yi)^{yi, y2, ya, • • • )• 

By recursion, 

(8.21) e(yo,yi,y2,...) 

= n'^^'^Xy^Xy^ ■ ■ ■ Xy^_^ (?/o, yi){yi, 1/2 ) ^ " m - 1 , l/m ) ^ (l/m , 2/m+l, ■ ■ ■ )■ 

By the axiom of choice, there exist non-zero functions ^ satisfying (8.19): One 

divides all strings [yo, yi, . . .) into equivalence classes characterized by having the 
same tail up to translations, and then one assigns an arbitrary value of ^ to one 
element in each equivalence class and uses the recursion (8.19) to compute the value 
of ^ on the other elements in the class. We will now, however, argue that (8.19) 
has no nonzero solution ^ G £^(0,(u). We will show this by demonstrating that if 
^ G £^(0,/u) and ^ satisfies (8.19), then ^ is orthogonal to all the vectors in the 
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compact abelian group Q, and the corresponding basis: If ej{x) is the element given 
by (8.13), choose m > A; + 1 in (8.19) to obtain 

(8.22) e(io,ii,...,ifc,0,0,...)=:(e,-,e)= f '^^{y) dfi{y) 

Jq. 



2/0=1 j/^_i = l 



(jo,yo) ■■■{jkiVk) ■ {yo,yi){yi,y2) ■ ■ ■ {ym-2,ym-i) 
{ym-i,ym)C{ym, ym+1, ■■■) dniym, ym+1, ■■■) 



n n 



= n ""/^ ^ • • • ^ AyoAy, ■ ■ ■ \y^_^ ■ {jo, yo) (ji, yi) ■ ■ ■ {jk, yk) 

2/0=1 j/^_i = l 

• (yo, yi){yi, 2/2) •• • (2/m-2, ym-i) -li-ym-i, 0, 0, 0, ... ). 

In the case A; = 0, m = 1 an analogous formula takes the form 
(8.23) 

n » 

C(io, 0, 0, . . . ) = n"^/2 ^ (jo, yo) j {yo, yi)C{yi, 2/2, • • • ) dn{yi, 2/2, • • • ) 

2/0=1 

n 

= n"^/^ XI Ayo(jo,yo)C(-yo,0, ...). 
2/0=1 

It follows, with ^{j) = f(j, 0, 0, . . . ), that 



(8.24) E l^(-^')l' = ^-' E AA0;2/)0»^(-y)^(-^) 



J,2/,2€ 



= n ^ nS(y - z)XyXg^(-y)^(-z) 



2/e^n 



so 



(8.25) E mi'-Il i^.f 

Since Yljez„ l-^jP ~ 1' follows immediately that if at least two of the Xj are 
nonzero, then ^{j, 0, 0, . . . ) = for all j G Z^. But the recursion relation (8.22) then 
implies that ^{joji, . . . , jfc, 0, 0, . . . ) = for each {joJij2, ■■■ , jfc, 0, 0, . . . ) G Cl. 
It follows that 

(8.26) ^ = inC^{n,ii) 



] /o 1 o^ I, 
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If all Xj except one are zero, e.g., (Xj) = (1,0,... ,0), then it follows directly 
from (8.21) that 

C(yo,yi,y2,...) = 

unless {yo, j/i, y2, • • • ) = (0, 0, 0, . . .). But this single point has Haar measure zero, 
so again ^ = in >C^(fi, //). 

This completes the proof that (8.18) cannot have a nontrivial solution. This 
means, by Theorem 4.1, that the endomorphsim (3{A) := ^^TiAT^ , A e B{7i), 
cannot have an invariant vector state. 

To complete the proof of Theorem 8.1 we have to show that /? really is a shift 
(using Theorem 3.3), and to compute the corresponding state on UHF„. But using 
(8.17) and the corresponding formula 

{Ti^){xo, xi, . . . ) = {xo, xi)n^/^5i:coi{xi, X2,...) 

one computes 

(Ti, ■ --T^^T*^ ■ ■■T*^^){xo, xi, . . . ) 

= Sii,xoSi2,xi ■ ■ ■5ife,xfe_i(a;o,a;i)(xi, X2) ■ ■ ■ {xk-i,Xk) 

• {jl,j2) {j2-,h) ■■■ (jk-ljk) {jk,Xk)^{jl,- ■ ■ ,jk,Xk,Xk+l,...) 

(Z1,Z2)(Z2,*3) • • • {ik-i,ik){ik,Xk){ji,j2) O2, js) 

• • • (jk-ljk) {jkiXk) iijl, . . . ,jk,Xk,Xk+l, ...). 

It follows immediately from this formula that the representation of UHF^ on 
£^(ri, /x) defined by the Tj's is irreducible, and thus by Theorem 3.3 /3 is a shift. 
Furthermore 

^(4^. ® ^5. ® • • • ® J 

= {l,T,,---T,,Tl---T*^l) 

= XI ■ ■ ■ XI ^^I'^o ■ ■ ■ K,xk-i ■ (^1' ^2)(«2, is)--- {ik-i,ik){h, Xk) 

Xo Xk 

• {ji, 32) {32, 33) ■ ■ ■ {jk-i,3k) {3k,Xk) 
= ^^fe+T(^i'^2) • • • {jk-i,3k) ^{xk,ik -3k) 

Xk 

= ^^iufc(^i'^2)(^2,^3) • • • {ik-i,ik) - {31,32) {32,33) - - - {3k-i,3k)- 
This ends the proof of Theorem 8.1 □ 

Remarks 8.2. As already remarked after (8.21), the equation (8.19) always has a 
continuum of function solutions which are not measurable, and thus are not in 
>C^(f2,//) or define states on On in any reasonable sense. Also note that (8.19) has 
the formal infinite product "solution" 

00 

^{yo,yi,y2,-- ■) = Y[n^^^Xy^{yk,yk+i)- 
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One way of stating Theorem 8.1 is that these infinite products do not converge to 
a non-zero vector in C^{Q,,fj,). We will in the following remark on special cases 
of (8.19) where "solutions" exist which are not in and also supply some 

related operator theoretic observations. Since, for the general case of (8.18), or 
(7.10) above, £^-solutions correspond to pure normal invariant states, the non 
"solutions" correspond to states on On which are not normal in the given Haar 
respresentation, and the "solutions" give us a clue to what these states are, namely 
the Cuntz states defined by the appropriate A's. This lies at the heart of why one 
uses C*- algebras rather than merely Hilbert spaces in various contexts: States 
which cannot be realized by vectors in the Hilbert space, can be realized as states 
on an appropriate C*-algebra. In the analysis of quantum systems with infinitely 
many degrees of freedom, examples of this abound (sometimes under the name of 
the van Hove phenomenon); see [Br- Rob, p. 224], [Hov], and [Seg2]. 

(i) In the special case where the vector (A^) in (8.18) is (1,0,... ,0), we noted that 
a possible "eigenvector" ^ must then necessarily be a constant times something like 
the delta mass at = (0, 0, . . . ) in the group il. If ^ shall define the appropriate state 
on On, it should rather be the "square root" of the Dirac delta mass. This solution 
is not in £^(0, |u), of course, unless the constant is zero. Specifically, the assertion 
about ^ in this special case is that ^(xq, xi, . . . ) =0 unless xq = xi = ■ ■ ■ = 0. 

(ii) The most interesting special case of (8.18) turns out to be the equi- distribu- 
tion, Xi = rT^I"^ (for Vz). In that case, the recursive formula (8.20) [for a possible 
>C^-solution ^ to (8.18)] then takes the following geometric form: Using (8.2), we 
may define the isometric operator S on £^(f],/i) by S^:= cr, and (8.18)-(8.20) 
become the single condition, 

(8.27) e = VSi 

where IJ is the unitary transfer operator from (2.6) and (8.16). 

For this, moreover, the details for the (8.22) calculation simplify as follows. The 
present argument is again based on the Q-A duality and the corresponding Fourier 
transform. Let Aj = n~^l'^; we supply the recursion. For j ?a (j, 0, 0, . . . ) e A := 
we get: 

(8.28) 

^(i) = / '\XQ^3)i{.XQ^---)d[i{xQ,...) 
Jq 

= XlXl ^^0' -^^ ^^0' / ^^1' ^2)C(a^2, • • • ) dll{x2 ■■■) 

yo yi "^^ 
= n"^V5(j-yi) / {yi,X2)^{x2,...)dn{x2---) 



yi 



n ^ / {-j,X2)^{x2,...)dll{x2---) 
JQ 



valid for Vj e := Z/nZ, and with all summations being over Z^, again with Z^ 
viewed as an additive group. Replacing j by —j yields, ^(j) = 0, for Vj G Zn', or, 

™ n n ^ n c — ^ '77 ] o^;^ c^u u„f 
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By a calculation quite analogous to the one above, we get, \/{io, ... , i^, 0, . . . ) e 
A = Q = Y['^Zn , that 

(8.29) ^{io, ... ,ik,0,0,...) = n~^(io, ii) ^(^2 - *o,^3, . . . , ifc, 0, 0, . . . ). 

But then, by induction, ^ must vanish identically on A = Q = ]_J^ Z„. 

(iii) A more operator theoretic way to see that US^ = ^ implies ^ = is this: If 
^ e jC^{Q,IJ,) is arbitrary, one computes as above, 

{ej, {USfO HiUSnfUoJi, . . .Jfe, 0, 0, . . .) 

=n~^ Oo, ji) ^{j2 - 30, h, . . . , jfc, 0, 0, . . . ). 

Because of the factor, it follows by iteration that 

i(e„(t/5)n)i<n--|ieii. 

We will now show that (8.27) has no solution by proving that the unitary part 
of the Wold decomposition oi T = US is zero. Recall from [Nik] that if T is any 
isometry onTi. = C'^{Q, ji), i.e., T*T = 1, then Ti has a decomposition, H = 7ii©7Y2 
into T-invariant subspaces such that T\^^ is unitary, and V = T\^ _^ is a shift. That 
V is a shift means that lim^^oo V^^ = for any ^ G 7i2- Put £ = 'H2QV7i2 ='HQ 
T7i. (If {^i) is an orthonormal basis for £, and one defines = V-'Ci = T^d: then 
{^ij) is an orthonormal basis for 7^2- Thus li.2 = 0^=0 ^^^i ^ decomposes 
into a direct sum of dim£ copies of the Hilbert shift, defined by, ^ij i— > Cij+i, for 
fixed i, and j = 0, 1, . . . ; dim£ is called the multiplicity of the shift.) The subspaces 
Til and 7i2 may be identified through the formuli 

- (^T'^n = f]{^en: \\T*^a = U\\} 

m m 

and 

oo 
Tn=0 

Returning to our specific isometry T = US, we have to show that Hi 
^ e Hi. Then ^ e T'^'^H, so for each m there exists a ^rn & 'H with ^ = 
But then 

UmW = WT'^^uw = mi 

and hence 

\{ej,0\-\{ej,T'"'U\ 

<n-^Um\\-n-^U\\. 

Letting m — > oo, we see that 

and, since j e A is arbitrary, the desired conclusion, ^ = 0, follows. We conclude 
that T = US is a shift on C'^{p), equivalently a completely non-unitary isometry. 

rpu; ™„ „f ;„J ] — J- j- ; — c ;„ -t „ c»*-ti n 



40 OLA BRATTELI, PALLE E.T. JORGENSEN, AND GEOFFREY L. PRICE 



An inspection also reveals that the shift T has the multiplicity (n — 1) • oo where n 
is the index of the Haar shift. Of course, the infinite product, 

oo 

k=0 

oo 

(or, more formally, e*^'^^'=^'=+i/^ = e^(Wn) Er=o "^'^a^fc+i) 

fc=0 

is a "formal" solution to (8.27); but our present considerations imply that this 
infinite product is indeed purely formal, and not convergent in C'^{0,, /i). Specifically 
(ad absurdum), convergence in C?{ij) would put the limit-function, ^{x) (for x e 
fi), in HfeLi ^'^('^^(a*))- But this intersection is the unitary term in the Wold- 
decomposition, and we proved that it must be zero. 

Note furthermore that our stronger conclusion, based on this Wold decomposi- 
tion argument, is the assertion that there can be no sequence (^fc)feLi in ^^{lA such 
that the limit, limfc^oo T'^Cfc; exists in and is non-zero. 

(iv) With the notation 

eii ■■= ® • • • ® 1 • • • e UHF„, 

and 

00 / oo 

z= (zi,... ,zfe,0,0,...) e A = JJZ^ = 

1 V 1 

the formula for the state uj in Theorem 8.1 above is 



uj{eij) =n S{ik- jk)C{i)C{j) 
where the function ^(•) is defined (as in (iii) above) on A by 

oo 

(8.30) ^{i) = ll{ip,ip+i), 

and, for positive definite functions F(-, ■) on A x A, there are corresponding states 
Up on UHF„ given by the more general formula 



(8.31) UF{eij):^F{i,j)C{mj) 

for (i,j) e A X A having the same length. When F is so chosen, the object is to 
identify operators Tj, depending on F, and satisfying the Cuntz- relations, such that 

Me^J) ^ {i,t,,...t,^ti---t;i)c^ 

is given by the expression on the right hand side in (8.31) and 1 denotes the constant 
unit function on O. Specifically we may get such states in the set P from Section 
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described in Example 5.5, and for i = (ii, . . . , i/-, 0, 0, . . . ), j = (ii, . . . , jk,0,0, ■ ■ ■) 
in A, let 

k 

FUiJ) ■= n ^rn{et:i) ■ E {r,^k-Jk)u^k+M'+'^). 

m=l rGZ„ 

Then it can be shown that the corresponding state u>f^ in (8.31) is in P (details in 
a sequel paper), and we get an associated element in Repg{On, JC'^)- Furthermore, 
we may choose the product state ^^.oJk in P such that the corresponding shift (3 
on B{C'^), i.e., I3{A) = J^i^iAT* , is non-conjugate to the one from Theorem 8.1, 
and also not to those from Sections 6-7. Note that the function ^(■) in (8.31) is well 
defined on the subgroup A of Q, but, as noted in (iii) above, it is not sufficiently 
almost periodic to extend naturally to the compactification Q. 

Remark 8.3. It can be proved that if ui is the state on UHF^i defined in Theorem 
8.1, and uj' is any infinite tensor product of pure states on UHF„, then 

11, , „ _.m , ,/ _ ^m\\ o 

||a; o CT — a; o (J || = 

for all m e N. If a;' e P, it follows from Lemma 5.4 that the corresponding shifts 
of Bili.) are non- conjugate, and hence the shift considered in this section is not 
conjugate to any one of those discussed in Sections 6 and 7. The proof will be 
deferred to a subsequent paper where nearest neighbor states and similar states 
will be treated more systematically. 

9. Extending Unital Endomorphisms to Automorphisms 

In [Arv2], [AK] it was proved that a continuous one-parameter semigroup of 
unital *-endomorphisms of i5(7i) has an extension to a group of * -automorphisms 
of B{l-L®l-L) when i3(7Y) is embedded as 1 ®B{1-L). Using techniques from [PR], let 
us establish a similar (but simpler) result for a single endomorphism. 

Theorem 9.1. Let a he a unital *- endomorphism of B{T-l) of index n, and embed 
B{7i) into B{7i®H) as l®B{7i). Then a has an extension (3 to B{7i®H) such that 
P is a * -automorphism. Furthermore, if a is a shift, and Hq is the Hilbert space of 
dimension n, and = B{Hq), then B{H (g) Ti) contains M^oo = (^^_^ M„ as 
a weakly dense C* -suhalgehra in such a manner that the restriction of (3 to M„oo 
is just the two-sided right shift, and (S)fcLo Q (S^fcL-oo weakly dense in 

I® Bin). 

Proof. Since a{B{H))' = B{Hn), we have a tensor product decomposition 

n = Hn®K: 

such that 

a{B{n))^lH^®B{lC). 
Let a' : BiTi) B{IC) be the corresponding *-isomorphism such that 

a{A) = 1 a'{A) 

for A G BCH). Choose a particular unit vector in ifo, and let H' = (S)a;=-oo -^o 
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of Theorem 9.1, we do not need any structure on H' other than it is a separable 
infinite dimensional Hilbert space.) First, let (3' be any *- isomorphism B{H') — > 
B{H' ® Hq) and define 

/3 : B{H' ®n)^ B{H' ® H) 

by 

I3{B®A) = (3'{B)0a'{A) 

for B G B{H'), A e B{7i) and the last tensor product is according to the decom- 
position 

H' ®n={H' ® Hq) ® /C. 

Then /? is a *- automorphism extending a. For the last part of the theorem we 
define /?', more specifically, as the *-isomorphism, B{<^Z}^Hq) — > B{<^^_^Hq), 
implemented by the right-shift, U '■ ^Z}^Hq ^ ^-oo -^o, defined by 

-2 -1 

Now, if No = a{B{H)y n B{H) and, inductively 

Nk+i = a(iVfe), /c = 0, 1, . . . 

then by [Pow2, Lemma 2.1], or the ideas surrounding (3.6) in the proof of Theorem 
3.3, it follows that the N^s are mutually commuting 1^ factors, with {IJfc^fc}' ~ 
C(l). Putting N-k equal to the bounded operators of the —k'th tensor factor in 
Hq (tensor 1 on the remaining factors), it follows that all the N^s mutually 
commute, /3{Ni.) — N^^i for A; e Z, and the C*- algebra generated by the A^^'s is 
weakly dense in B{H' H). Theorem 9.1 follows. □ 

Remark 9.2. If o: is a shift, and (3 and B{H' ® H) are constructed according to the 
recipe above, then all elements in the weakly dense *- subalgebra (Jfe^i (0fc° ^n) 
of B{H' (g) H) will ultimately be mapped into 1h' ® B{H). Thus any asymptotic 
property of a (such as having an absorbing state), readily translates into a similar 
property for (3. 
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